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Abstract

The first direct detection of gravitational-wave (GW) opened a new window
to the Universe. A number of detections of GWs have been reported, and the
existence of intermediate mass black hole was revealed. The Einstein Tele-
scope (ET), a 3rd-generation gravitational-wave detector (GWD) in Europe,
and LIGO Voyager, a substantial upgrade of aLIGO, are planning to employ
cryogenic silicon mirrors to reduce thermal noise. It is expected that such
future cryogenic GWDs will enable us to constrain the formation process of
such massive black holes or discover new GW sources with improved sensitiv-
ity. The realization of cryogenically cooled mirror is an important key and big
challenge to achieve the future cryogenic GWDs.

In the future GWDs such as the ET and LIGO Voyager, a molecular layer
formed on the cryogenic mirror surface can become one of the problems due
to its optical loss. We theoretically estimated the optical loss induced by
the molecular layer and revealed that the optical absorption induced by the
molecular layer can exceed the cooling capacity even if its thickness is only
1 nm, which can hinder the cryogenic operation.

We developed 10 K folded optical cavity to investigate the optical loss of not
only the coatings but also the molecular layer. In this experiment we realized
the cryogenic optical cavity with folded configuration for the first time ever,
and achieved cavity enhanced ellipsometry at both room temperature and
cryogenic temperature. These measurements enabled the characterization of
the molecular layer even if its thickness is only a few nm.

Besides, we simulated the molecular layer formation rate for the case of the
ET and LIGO Voyager. The results show the molecular layer formation can
become a problem for long term operation. Finally, based on the experimental
study here, we propose a monitoring system which probe the cryogenic mirror
surface and measure the thickness of molecular layer. Such monitoring system
will be able to identify the molecular layer formation and be useful not only
operation but also commissioning works.

The theoretical and experimental works have investigated the feasibility of
the future cryogenic GWDs. This thesis reports the details of these results.
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Introduction

First of all, the purpose of this thesis is to study the feasibility of future
cryogenic gravitational-wave detectors in terms of the optical loss induced by
the molecular layer formed on the cryogenic mirror surfaces.

There have been large efforts to directly observe gravitational-wave (GW)
with the ground-based laser interferometric detectors. In order to detect GWs,
so-called 2nd generation interferometers such as advanced LIGO, advanced
Virgo, and KAGRA were built. Advanced LIGO achieved direct detection of
GW from a binary black hole system in 2015, and the new window to probe the
Universe was opened. Following observing run, advanced LIGO and advanced
Virgo detected a GW from a binary neutronstar merger. So far, a number of
detection of GW events are reported by them.

Future gravitational-wave detectors (GWDs) are planning to employ cryo-
genically cooled mirrors to improve the sensitivity by reducing thermal noise.
A cryogenically cooled mirror is an important key and a challenge for the
realization of future GWDs.

Difficulties in such cryogenic mirror come from several facts. One is that the
development of high-end mirror substrate and coatings. Both mirror substrate
and coatings need to have not only small optical loss, but also small mechanical
loss. Development of such state-of-the-art mirrors is indispensable. Another is
that the issue of frosting of mirrors, which is caused by the adsorption of resid-
ual gas molecules. An adsorption of molecules on the mirror surface induces
unwanted optical loss, resulting in degradation of the sensitivity. Therefore,
the investigation in the impacts by frosting on a cryogenic mirror is important
to realize the future GWDs.

In this thesis, a development of optical loss characterization system, and
a theoretical study and experimental studies of the molecular layer formation
on the mirror surface are presented. It is shown that the optical loss in the
cryogenically cooled mirrors in future GWDs can exceed the requirement due
to the adsorption of molecules. In addition, the optical loss estimation by a
cryogenic folded cavity is demonstrated. Moreover, a study using Monte-Carlo
simulation, which can predict the molecular layer formaton rate on the mirror
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surface is presented, and a monitoring system for cryogenic mirror surface are
presented based on the folded cavity experiment. Thus the study presented in
this thesis should play an important role to design and construct the future
GWDs.

The following paragraphs are dedicated to explain the contents of this
thesis.

Chapter 1 briefly describes the background of this research, In this chapter,
the derivation of GW, its astrophysical sources and an introduction of the laser
interferometric GWDs are given.

Chapter 2 describes several cryogenic GWDs and their features. KAGRA
is a cryogenic GWD, and the author contributed to its first cryogenic test op-
eration and first observation. In addition, one of the most critical problems in
KAGRA which can also happen in the future GWDs is described — molecular
layer formation on a cryogenically cooled mirror. This problem is the one of
the motivation of this thesis.

Chapter 3 describes the theoretical calculation of the optical loss induced
by cryogenic molecular layer (CML). Theoretical estimation shows remarkable
optical absorption by the CML in future cryogenic GWDs, and exceed the
cooling capacity even if its thickness is a few nanometer. The results are
published as an article by the author.

Chapter 4 explains a cryogenic folded cavity to measure an optical loss at a
mirror surface which is developed by the author. The cryogenic folded cavity
has not been realized so far, and this is the first time ever. This device currently
enables the optical loss measurement at broadband temperature range. The
optical setup and measurement methods are introduced. The cavity enhanced
ellipsometry is also introduced in this section. The spacer for the cavity was
designed by the author using 3D CAD soft, and manifactured by the company.
The installation of this setup was done by the author.

Chapter 5 describes the experimental results to evaluate the optical loss in
the mirror. Furthermore, the measurement of optical loss induced by the CML
is also estimated by combining the ringdown and cavity enhanced ellipsometry.
The author built the model to analyze the results of cavity enhanced ellipsom-
etry. The characterization of the CML by cavity enhanced ellipsometry is
presented for the first time by the author.

Chapter 6 describes the implications to the cryogenic GWDs. Here a sim-
ulation is done by the author to estimate the CML formation for the case of
future GWDs. The model for the simulation was made by the author. Possible
solutions to avoid the affects of CML is also introduced here. The monitoring
system for CML formation on mirror surface is proposed here by the author
inspired by the cryogenic folded cavity experiment.

2
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Chapter 7 describes the summary and conclusion of this thesis.
Appendix A is dedicated for the upgrade of this setup for direct mea-

surement of coating thermal noise. Low thermal noise coatings at cryogenic
temperature is a key to realize the future GWDs. The cryogenic folded cavity
will enable direct measurement of coating thermal noise directly which pro-
motes the development of high-end coatings. A possible upgrade plan toward
the direct measurement of coating thermal noise, and related noise sources are
introduced.

Appendix B is dedicated for the analytical calculation of angular response
which enables the compute WFS signals of an optical cavity with less cost. The
original ides of this method was proposed by the collaborator of the author.
A further analysis and interpretation was done by the author.

3
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Chapter 1

Background

A direct detection of gravitational-wave (GW) is a challenging because the
interaction of gravity with masses is remarkably weak. A creation of GW
with a detectable amplitude in a laboratory is impossible with the current
technologies. In order to detect GWs, one have to rely on astronomical sources,
which can be extremely massive and highly accelerated. From this point of
view, astronomy and GW are inseparable. Moreover, the detection of GWs
from astronomical sources provides us unique information of the Universe.
This is because GWs are unaffected by the matter they encounter.

The laser interferometric GW detector is in mainstream, and it is most
sensitive at around 100 Hz. In 2015, Advanced LIGO (aLIGO) constructed in
America detected the GW from binary black hole merger. This first direct
detection of GW opened a new window to the Universe — this window is
called Gravitational-wave Astronomy. In 2017, aLIGO and Advanced Virgo
in Europe detected a GW from binary neutron star merger, and the electro-
magnetic counterpart was also observed by telescopes. The sensitivity of the
detector has been continuously improved over the course of the years and
dozens of detection are achieved by aLIGO and Virgo.

This chapter is dedicated to explaining GW astronomy and the laser inter-
ferometric detector as a background of this thesis. First, we briefly introduce
the derivation of GW based on the general theory of relativity. Second, we
describe the astrophysical sources of GW. Then, we introduce the laser inter-
ferometric detector and its noise sources.

1.1 Nature of Gravitational-waves

GW is a ripple of space-time and propagates as a wave at the speed of light.
GW was predicted by A. Einstein on the basis of the general theory of relativity

5



1.1 Nature of Gravitational-waves 1 Background

[1, 2].
GW is derived form Einstein’s equation within the scheme of the general

theory of relativity. In the theory, gravitation is considered as distortion in
space-time, expressed by a physical quantity called the metric. Moreover, the
metric follows Einstein’s equation which contains the second derivative of the
metric with respect to time. Thus, the metric can evolve as a function of time.
In fact, a small perturbation in the metric can propagate as a wave through
space-time.

1.1.1 GW as a Solution of Einstein’s Equation

In this subsection, we review the derivation of GWs which can be derived as
a solution of Einstein’s equation when a small perturbation in space-time is
introduced [3].

The interval of two separated events in space-time is described with the
metric tensor gµν as,

ds2 = gµνdx
µdxν , (1.1)

where Greek indices run from 0 to 3, so that µ, ν = 0, 1, 2, 3. With this
notation, space-time can be simply expressed by xµ = (ct, x, y, z).

Einstein’s equation, which is the most important equation, is expressed as

Rµν −
1

2
Rgµν =

8πG

c4
Tµν , (1.2)

where the left-hand side represents the geometrical nature of space-time and
the right-hand side represents the mass and energy of the system. Here, Rµν ,
R = gµνRµν , and Tµν are the Ricci tensor, the Ricci scalar curvature, and the
stress-energy-momentum tensor, respectively.

We consider the case that a small perturbation, hµν , is introduced to the
flat space-time as

gµν = ηµν + hµν . (1.3)

Assuming vacuum, Tµν = 0, then applying the above equation to Eq. 1.2, and
neglecting the higher order terms while leaving the first order terms of h, one
can obtaing the linearized Einstein’s eq,(

− 1

c2

∂2

∂t2
+

∂2

∂x2
i

)
hµν = 0. (1.4)

This describes the propagation of GW hµν as a three-dimensional wave which
travels at the speed of light.

6



1 Background 1.1 Nature of Gravitational-waves

When we choose a spatial coordinate such that a GW travels in the z
direction, the plane wave solution can be summarized as,

hµν = Aµν exp[iωg(t− z/c)], (1.5)

where

Aµν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 . (1.6)

Here ωg is the angular frequency of the GW, h+ and h× are independent
constants.

1.1.2 Polarization

We consider a case where two free particles are placed at separated locations
— one at the origin of the coordinate and the other at xi = (L, 0, 0). Suppose
that each of them is at rest initially, and GW passes along the z-axis. The
proper distance between them, L′, can be expressed as

L′ ≡
∫
|ds2|1/2 =

∫ L

0

|g11|1/2dx ≈ L+
1

2
h11L. (1.7)

Therefore, GW changes the proper distance when it passes through. The
amount of change in the distance, ∆L ≡ L′ − L, is proportional to both the
initial distance L and amplitude h.

As shown in Fig. 1.1, there are two independent polarizations in GWs —
amplitude of which are expressed as h+ and h×, and they are referred as plus-
and cross-mode, respectively. In order to understand the characteristic of
those modes, consider a similar thought experiment in which a plane wave
passes through along z-axis with a number of free particles arranged on the
x-y plane. According to Eq. 1.7, if an initial proper distance between them
was Li = (Lx, Ly, 0), the displacement ∆L can be written as(

∆Lx

∆Ly

)
=

1

2

(
h+ h×
h× h+

)(
Lx

Ly

)
exp[iωg(t− z/c)], (1.8)

=
1

2
h+

(
Lx

Ly

)
exp[iωg(t− z/c)] +

1

2
h×

(
Ly

Lx

)
exp[iωg(t− z/c)]. (1.9)

Fig. 1.1 shows how free particles respond to GWs for both the plus- and cross-
modes. The plus mode distorts space as a ”plus”-shape, while the cross mode
makes it a ”cross”-shape.

7



1.1 Nature of Gravitational-waves 1 Background

Figure 1.1: Polarization of gravitational-wave. Upper figure shows the plus-
mode, and lower shows the cross-mode, respectively.

1.1.3 Radiation

GWs can be radiated by masses when they accelerate similarly to the radiation
of electro-magnetic waves which are generated by a charged particle when it
accelerates. A big difference, however, is that the radiation of GW requires a
quadrupole moment though electro-magnetic radiation is induced by a dipole
moment.

First, we consider the Lamor formula as an example which denotes the
luminosity of an electro-magnetic waveLe as

Le =
2

3c2
d̈

2
, (1.10)

where d =
∑

i qiri is the sum over the electric dipole moment of charged

8



1 Background 1.1 Nature of Gravitational-waves

particles.
For the case of the radiation of GW, the GW luminosity, Lg, becomes

Lg ∝
G

c3
d̈

2
, d̈

2
=
∑
i

mir̈i =
∑
i

Ṗ i, (1.11)

where P i is the kinematic momentum of i-th particle. Instead of charged parti-
cles, the kinematic momentum is introduced as GW is generated from masses.
However, as the kinematic momentum is always conserved in an isolated sys-
tem, the kinematic dipole d does not evolve as a function of time. Therefore,
GW cannot be radiated by a kinematic dipole moment.

The next lowest moment is the quadrupole moment. By introducing the
mass quadrupole moment Ijk, a GW version of Lamor formula [4] can be
expressed as,

Lg =
G

5c5
〈(

...
I jk)

5〉, (1.12)

Ijk ≡
∑
A

mA

[
xAj x

A
k −

1

3
δjk
(
xA
)2
]
, (1.13)

where A represents the label of A-th particle. Therefore, radiation of GW
requires a quadrupole moment so as to evolve as a function of time.

Order Estimation of Radiated Energy

Here, we briefly show the energy of gravitational wave radiation from Eq. 1.12.
The third derivative of the quadrupole moment with respect to the time scales
as

...
I ij ∼

MR2

T 3
∼ Mv3

R
, (1.14)

where M,R, T , and v are the typical mass, spatial size, time scale, and velocity
of the system, respectively. Plugging Eq. 1.14 into Eq. 1.12, one can obtain

Lg ∼ 1.8× 1058

(
Rsch

R

)2 (v
c

)6

[erg/s], (1.15)

where Rsch ≡ 2GM/c2 is the Schwarzschild radius. Considering the case of an
astronomical system which is bounded by its self-gravity, the kinetic energy
and the potential energy are comparable, so that

Mv2 ∼ GM2

R
. (1.16)

9



1.2 Sources of Gravitational-waves 1 Background

With this relation, the luminosity 1.15 can be rewritten as

Lg ∼ 2.3× 1057

(
Rsch

R

)5

[erg/s]. (1.17)

This result indicates that the GW luminosity depends on the size of the
object. This is the reason why the compact stars are considered as the main
GW sources.

Order Estimation of Amplitudes

We estimate the order of the amplitude of GW, h, based on the approximation
[4]

h ∼ Rsch

r
(v/c)2, (1.18)

where r is the distance between the GW source and an observer. The emission
efficiency of GW can be parameterized as

ε ∼
(
Rsch

R

)7/2

. (1.19)

Plugging Eq. 1.19 into Eq. 1.18, one can obtain

h ∼ ε2/7Rsch

2r
∼ 1.5× 10−21

( ε

0.1

)2

/7

(
M

M�

)(
r

17 Mpc

)
. (1.20)

Here, the mass M and the distance r are scaled by the solar mass M� =
1.989× 1030 [kg] and that from the earth to the Virgo cluster of about 17 Mpc,
respectively.

1.2 Sources of Gravitational-waves

In this section, we briefly review the GW sources, which have been observed
or expected for the detection. More details can be seen in the reference [5].

1.2.1 Compact Binary Coalescence

A binary system formed by two compact objects such as a black hole or a neu-
tronstar is one of the most promising sources of GW, and a number of compact
binary coalescence have been detected [6]. A wave form of the compact binary
coalescence is known as the chirp signal.
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Figure 1.2: The calculated chirp signal from a 1.4M�-1.4M� neutronstar bi-
nary at the Virgo cluster of about 17 Mpc.

A chirp signal, fGW, grows up as a function of the time. This is a con-
sequence of the fact that the angular momentum of the system is deposited
as the GW radiation. Therefore, the separation distance of the stars grad-
ually becomes smaller, resulting in the frequency evolution of a signal. The
frequency evolution of a chirp signal can be approximated as

fGW ≈ 134 Hz

(
1.21M�
M

)5/8(
1 s

τ

)−3/8

, (1.21)

M≡ (m1m2)3/5

(m1 +m2)1/5
, (1.22)

where τ is the time to coalescence,M is the chirp mass defined by the masses
of the binary stars, m1 and m2. Fig. 1.2 shows how chirp signal evolves over
time. The chirp signal from 1.4M� binary neutronstar merger at the Virgo
cluster is assumed.

A GW radiation in a chirp waveform ends when the orbital radius becomes
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smaller than the innermost stable circular orbit (ISCO), where stable circular
orbits are no longer allowed. Then the two stars plunge toward each other and
coalesce. For the case of a nutronstar-neutronstar binary, when they are at
the ISCO, the expected frequency fISCO is about 800 Hz.

In addition, such binary systems can be used as a standard siren [7]. When
a chirp signal is detected, the amplitude provides the information of the lumi-
nosity distance. In addition to that, the frequency gives the information about
the red shift. Thus, the detection of GW from such binary systems allows one
to perform cosmological distance measurement.

1.2.2 Spin of Compact Stars

Spinning compact stars, such as pulsars, are expected to be sources of contin-
uous GWs, frequency of which can be stable. In order to radiate GWs by the
spin, the mass density must not be axisymmetric about the spin axis because
the axisymmetric system does not have a quadrupole moment.

The expected amplitude of GW from a spinning of compact stars can be
estimated as

h ≈ 1.06× 10−25
( ε

10−6

)( I

1038 kgm2

)(
10 kpc

r

)(
fg

1 kHz

)2

, (1.23)

where ε is the ellipticity, I is the inertia along the spin axis. It should be noted
that the frequency of the GW is twice of the actual spinning frequency fspin,
hence fg = 2fspin.

1.2.3 Supernovae

A supernova explosion can become a GW source because it dramatically accel-
erates a large amount of masses within a short time scale. If non-axisymmetric
components are involved in the core collapse of supernovae, burst GW signals
can be emitted.

The prediction of the waveform is, however, difficult because the explosion
mechanism is uncertain. Assuming that the mass of a system is about M� and
the characteristic velocity of v/c ∼ 0.1, the amplitude can be estimated as

h ∼ 9.6× 10−20

(
10 kpc

r

)
. (1.24)

Therefore, a supernova in the Galaxy can be a target. Most of the explo-
sion models suggest that the typical frequency is below 1 kHz, hence in the
observational band of GWDs.
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1.2.4 Stochastic Gravitational-wave Background

A stochastic GW background is expected to arise from a superposition of a
number of unresolved GW sources. It can carry unique features from the early
epochs of the Universe, which cannot be accessed by standard astronomical ob-
servations. Therefore, direct measurements of the amplitude of the stochastic
background are important to understand the evolution of the Universe.

Recently a simultaneous observation of GWDs has set an upper limit on
the spectral density of the GW background, hence the cosmological energy
density of GW [8].

1.3 Laser Interferometric Gravitational-wave

Detectors

Current terrestrial gravitational-wave detectors (GWDs) adopt laser interfero-
metric technique and are based on the Michelson interferometer. The Michel-
son interferometer can be considered as an optical phase detector, while it is
broadly used as a Fourier transform spectrometer in astronomical telescopes.
Comparing the optical phase difference between each arm in the Michelson
interferometer, one can detect a GW. The working principle is described in
the following section.

1.3.1 Working Principle

As shown in Fig. 1.3, the concept of current ground-based GWDs are based on
the Michelson interferometer with mirrors suspended by wires. The suspended
mirror not only provides but also makes the mirrors effectively free masses
longitudinally with respect to the propagation direction of the laser beam in
the observational frequency range.

When GW passes through the interferometer, it modulates the optical
length of each arm by ∆L at the same frequency. The lengths change is
differential in each arm, resulting the change in the interferometric condition
of the output laser field.

Therefore, GWs can be detected as an intensity variation at a photo de-
tector (PD) placed at the output side of the Michelson interferometer. When
the wavelength of the GW is much longer than thearm lengths, the amount of
the change is proportional to the macroscopic arm lengths L, so that

∆L ∼ hL, (1.25)
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Figure 1.3: Schematic drawing of the Michelson interferometer.

where h is the amplitude of the GW. Thus, it is reasonable to construct a large
size interferometer to increase the sensitivity.

In the following subsection, we see the principle of the detection of GWs
by the interferometer.

Detection with Michelson Interferometer

The Michelson interferometer (MI) is an interferometric device which provides
us the optical phase of laser field. It consists of a beam splitter (BS) and
two end mirrors as shown in Fig. 1.3. The BS splits the laser beam into two
paths — one is transmitted through it and the other is reflected. Each beam
is reflected back to the BS by the end mirror and is re-combined which results
in interference. At the detection port, called anti-symmetric (AC) port, a PD
observes the power of the electric field.

We assume that a GW, polarizing in the plus-mode, passes along the z-axis
through the MI placed in the x-y plane. The interval of two separated objects
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can be expressed as

ds2 = −(cdt)2 + {1 + h(t)}dx2 + {1− h(t)}dy2 + dz2. (1.26)

As the light travels along the world line of ds2 = 0, the light traveling on the
x-axis satisfies

cdt =
√

1 + h(t)dx. (1.27)

By integrating dx over the round trip path from the BS to the end mirror, one
can obtain ∫ t

t−τx

t′√
1 + h(t′)

dt′ ≈
∫ t

t−τx

{
1− 1

2
h(t′)

}
dt′ =

2lx
c
, (1.28)

where τx represents the duration for the light to round-trip in the x arm and
lx denotes the length of x arm. Therefore, τx can be calculated as

τx =
2lx
c

+
1

2

∫ t

t−τx
h(t′)dt′

≈ 2lx
c

+
1

2

∫ t

t−2lx/c

h(t′)dt′. (1.29)

As h� 1, τx can be approximated by 2lx/c. Therefore, the net change in the
optical phase is

φx = ω0τx =
2ω0lx
c

+
ω0

2

∫ t

t−2lx/c

h(t′)dt′, (1.30)

where ω0 is the angular frequency of the laser field. In the right-hand-side of
the equation, the first term denotes the static phase rotation due to the light
traveling a length of 2lx while the second term denotes the phase derivation
induced by the GW. The net phase change of the light traveling along the y
arm is acquired in the same manner and expressed as

φy = ω0τy =
2ω0ly
c
− ω0

2

∫ t

t−2ly/c

h(t′)dt′, (1.31)

where the ly is the length of the y arm.
Assuming that the arm lengths are almost identical, lx ≈ ly = l, the phase

difference between that of x and y arm is

φx − φy =
2ω0(lx − ly)

c
+ ∆φg, (1.32)
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where

∆φg ≡ ω0

∫ t

t−2l/c

h(t′)dt′. (1.33)

The GW changes the interference condition, and it can be observed as power
fluctuation at the PD. Assuming that a GW has a long wavelength such that
the induced phase shift does not vary as fast as the round trip time of 2l/c, it
is approximated as,

∆φg ≈
2ω0l

c
h. (1.34)

Frequency Response of the Michelson Interferometer

Assuming that a GW is monochromatic and has an angular frequency of ωg,
it can be expressed as,

h(t) = heiωgt. (1.35)

Plugging this into Eq. 1.33, one can obtain the frequency response of a Michel-
son interferometer to a GW as [9]

HMI(ωg, l) ≡
∆φg

heiωgt
=

2ω0

ωg

sin

(
ωgl

c

)
e−i

ωgl

c . (1.36)

The response curve is shown in Fig. 1.4 when the length of both arms is set to
be 3 km. At low frequencies the response can be approximated as

HMI ≈
2ω0l

c
. (1.37)

When the frequency of GW becomes higher than the inverse of the round
trip time c/2l, the above approximation is not valid any more because the
phase of the GW signal starts cancellation during the light trips in the arms.
This effect appears as a cut off in the response curve in figure 1.4.

1.3.2 Enhancement by the Fabry-Perot Arm Cavities

The optical cavity or equivalently Fabry-Perot (FP) cavity is a device formed
by two or more partial reflectors to store photons (or to reject them) in the
cavity. In particular, those formed by two mirrors facing each other is known
as the FP cavity, as depicted in Fig. 1.6. In order to increase the sensitivity
with a given arm length, the Fabry-Perot (FP) cavity is embedded in each arm
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Figure 1.4: Frequency responses of the Michelson and Fabry-Perot Michelson
interferometers. In both cases, the length of the arms are assumed to be
l = 3 km. For the Fabry-Perot Michelson configuration, t21 = 0.014, and t22 =
50 ppm are assumed.

of the Michelson interferometer. The optical configuration is shown in Fig. 1.5.
Employing the FP arm cavity enables the laser field to bounce multiple times
in the arm, and the interaction time of the light with GWs is increased. In
other words, the effective length of the arm is elongated.

Here we describe the response of the FP Michelson interferometer. First,
we will focus on a single FP cavity as shown in Fig. 1.6. Then we introduce a
perturbation which is due to GW. Successively, we derive the response of the
single cavity. Finally, we compute the response of the FP Michelson interfer-
ometer.
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Figure 1.5: Schematic drawing of FPMI.

Response of a Single Fabry-Perot Cavity to a Perturbation

We consider a static case of a single FP cavity. A set of the field equations
can be written as

Ecav(t) = t1Ein + r1r2Ecav(t− 2T )e−i∆φ(t), (1.38)

Er(t) = −r1Ein + t1r2Ecav(t− 2T )e−i∆φ(t), (1.39)

where Ein(t), Ecav(t), and Er(t) are the incident, intra-cavity, and reflected
fields, respectively. rj and tj are the amplitude reflectivity and transmissivity
of j-th mirror. L represents the distance between two mirrors, T ≡ L/c is
the one way trip time, and ∆φ denotes the phase rotaion. From Eq. 1.30, the
phase shift can be redefined as

∆φ(t) =
ω0

2

∫ t

t−2L/c

h(t′)dt′. (1.40)
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Figure 1.6: The schematic drawing of the Fabry-Perot cavity with two mirrors.

Here we assumed that the FP cavity is kept on resonance, i.e., the static phase
rotation satisfies 2ω0L/c = 2πn with n and integer. Therefore, ∆φ is induced
purely by GW in this case.

Suppose that ∆φ introduces a small perturbation in the intra-cavity field.
In this case, the intra-cavity field can be redifined as

E(t) = Ē + δE(t), (1.41)

where Ē is the static solution and δE(t) represents the deviation from the
static solution. We assume that the phase resolution is so small that the phase
term can be approximated by

e−i∆φ ≈ 1− i∆φ. (1.42)

Plugging Eqs. 1.41 and 1.42 into Eq. 1.38, we obtain

Ēcav + δE(t) ≈ −r1Ein + r1r2Ē + r1r2δE(t− 2T )− ir1r2Ē∆φ. (1.43)

Here we ignored higher order terms which contain the product of ∆φ and
δEcav. Using the static solution, Ē = t1Ein + r1r2Ē, we can obtain

δE(t) = r1r2δE(t− 2T )− ir1r2Ē∆φ. (1.44)
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By applying the Laplace transform, the fluctuation in the intra-cavity fields
can be expressed by

δEcav(s) = −i r1r2Ē

1− r1r2e−2sT
∆φ(s). (1.45)

This is the deviation introduced by the GW in the intra-cavity field.
Combining Eqs. 1.38 and 1.39, one can obtain

Er(t) =
t1
r1

E(t)− t21 + r2
1

r1

Ein. (1.46)

A deviation in the intra-cavity field δEcav leads to a small deviation in the
reflected field via

δEr(s) =
t1
r1

δEcav(s). (1.47)

From Eqs. 1.45 and 1.47, one can derive the phase rotaion in the reflected fiels
as

∆φ(s) ≡ δEr(s)

Ēr

=
t21rr

(t21 + r2
1)r2 − r1

∆φ(s)

1− r1r2e−2sT
. (1.48)

This equation shows that the induced phase shift ∆φ is amplified by the fre-
quency dependent factor when it is observed at the reflected field.

Response of the Fabry-Perot Michelson Interferometer

Usually, the arm lengths of the short Michelson interferometer is much shorter
than the baseline of the arm FP cavity. Thus, it is reasonable to neglect the
contribution from the Michelson interferometer. In this case, the Michelson
interferometer works as a device which subtracts the optical phase difference
between the x and y arms.

When a plus-mode GW passes along the z-axis through the FP Michelson
interferometer placed in the x-y plane, the phase shift due to GW in the x
arm has a different sign compared to that of y arm. Therefore, the output
field from the Michelson has a phase shift of 2∆φr if both arms have the same
length. As a result, the frequency response of the FP Michelson interferometer
is expressed as

HFPMI ≡
2∆φr(ωg)

h(ωg)
, (1.49)

=
t21r2

(t21 + r2
1)r2 − r1

HMI(ωg, L)

1− r1r2 exp(−2iωgL/c)
. (1.50)
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Figure 1.7: Schematic of GWD’s configurations. (A) Power recycling config-
uration. (B) Signal recycling or resonant sideband extraction configuration.
(C) Dual-recycling configuration.

Here we used the fact that ∆φ = HMIh/2. Thus, the addition of the FP arm
cavities changes the frequency response and improve the sensitivity as shown
in Fig. 1.4.

1.3.3 Further Improvement

In addition to the FP arm cavities, current GWDs employ the scheme called
the dual-recycling. This scheme improves the sensitivity and optimizes the
observational frequency band by adding two more mirrors to the FPMI. The
FPMI enhanced by the dual-recycling system is referred to as dual-recycled
Fabry-Perot Michelson interferometer (DRFPMI). The configuration is shown
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in Fig. 1.7.

The dual-recycling is a conjunction of two independent techniques — power
recycling and signal recycling techniques. The signal recycling technique can
be further divided into two modes — the signal recycling and resonant sideband
extraction modes.

Power Recycling Technique

The power recycling technique uses an additional mirror, called power recycling
mirror (PRM), at the input side of the Michelson interferometer as shown in
Fig. 1.7. By employing the additional mirror, one can reflect the light back to
the interferometer again. Thus, one can increase the laser power stored inside
the arm cavities to reduce shot noise.

Signal Recycling Technique

The signal recycling technique utilizes an additional mirror, called signal re-
cycling mirror (SRM), at the output side of the Michelson interferometer as
shown in Fig. 1.7. This scheme enables us to recycle GW signals and propagate
them back to the interferometer [10]. The SRM couples with the differential
motion of two FP arm cavities to increase the effective finesse for GW signals.
Therefore, the storage time increases, resulting in a higher sensitivity at low
frequencies. However, it leads to a narrower observational bandwidth.

Resonant Sideband Extraction

The resonant sideband extraction is the scheme which employs the same opti-
cal configuration as that for the signal recycling. In this scheme, the effective
finesse is reduced in order to expand the observational bandwidth at the ex-
pense of the sensitivity at low frequencies.

The signal recycling and the resonant sideband extraction can be switched
to each other by changing the interference condition without modifying the
optical configuration.

Dual-Recycling

The power recycling, and the signal recycling (or resonant sideband extraction)
schemes can be independently employed together. This configuration is called
the dual-recycling configuration. The dual-recycling configuration is shown in
Fig. 1.7.
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1.3.4 Noise Sources

The sensitivity of GWDs is determined by the summation of lots of noise
sources. Here we introduce several noises which limit the sensitivity.

Quantum Noise

Quantum noise is a fundamental noise which limits the sensitivity at broad
band frequency. At the lower frequency band, radiation pressure noise is one
of the dominant noise sources. The radiation pressure noise fluctuates the
momentum of the suspended mirrors and is proportional to

√
P . Therefore,

the smaller beam power and heavier test mass mirror can reduce the radiation
pressure noise. The shot noise, which limits the sensitivity at higher frequency,
can be reduced by increasing the laser power because it is in proportional to
1/
√
P . Therefore, these two quantum noise are in trade-off relationship and

one needs to choose appropriate laser power to optimize the sensitivity.
Employing a filter cavity is a promising approach to reduce the quantum

noise. This technique reduces both radiation pressure and shot noise without
changing the parameters such as laser power. In order to realize this technology
in GWDs, several studies are ongoing [11, 12]

Seismic Noise

Seismic noise is one of the biggest and inevitable noise sources which domi-
nants at the lower frequency band. It introduces displacement to the position
of the mirrors and results in variation in the optical lengths. Besides, the
misalignment in the cavity axis can be induced by the seismic noise. Such a
misalignment can deteriorate detector sensitivity and stability by increasing
a few noise couplings including those to length fluctuation and beam jitter.
Moreover, angular misalignment causes light in the fundamental mode to be
coupled into higher-order spatial modes, reducing the amount of power stored
in the main part of gravitational wave detector. This directly decreases the
detector sensitivity. Although the mirrors are suspended as pendulums to re-
duce the seismic noise, there still remains non-negligible amount of vibration
which hinders one to keep resonant condition. Therefore, a feedback control is
indispensable to reduce the amount of vibration.

Laser Noises

A free running laser shows fluctuation in both the amplitude and frequency
of its field. As any photon detection measurements involves an intensity mea-
surement of the laser, the amplitude noise can couple with the resultant photo
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current in various ways. Therefore, the amplitude noise can introduce errors
via photon detection. The frequency noise directly couples with the interfer-
ometric condition of the detector, resulting in an issue of the length sensing
control. Thus, the frequency noise must be suppressed.

Thermal Noise

The mirrors and their suspensions are thermally fluctuated because they have a
finite temperature. These thermal fluctuations induce variations in the optical
path lengths of the interferometer, called thermal noise. When the suspension
is at a finite temperature, it excites the mechanical mode of suspension, result-
ing in the displacement of the suspended mirror [13]. The thermal noise caused
by the suspension wires is called suspension thermal noise. The mirror itself
also exhibits the thermally induced fluctuation. They are categorized into two
kinds: Browninan noise and thermo-optic noise [14]. Cryogenic operation of
a GWD is a promising approach to reduce the thermal noise, resulting in the
improved sensitivity. In order to achieve higher sensitivity, several GWDs are
operated or planned to be operated with cryogenically cooled test masses.
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1.4 Summary of this Chapter

• Gravitational-wave is predicted on the basis of the general theory of
relativity.

• The first direct detection of GW by aLIGO opened a new window to the
Universe, called gravitational-wave astronomy. A number of GW events
are detected by terrestrial gravitational-wave detectors.

• The current gravitational-wave detectors are based on the Michelson in-
terferometer enhanced by the additional mirrors for recycling technique.

• The sensitivity of laser interferometric gravitational-wave detector is de-
termined by the various noises. Reduction of these noises are indispens-
able to improve the sensitivity of the detector.
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Chapter 2

Cryogenic Gravitational-wave
Detectors

A laser interferometric GWD achieved first detection of GW and opened a
new window to the Universe. A GWD with improved sensitivity enables wider
range of detection of GW sources and enrich the GW astronomy. Thermal
noise induced by coatings deposited on the test mass surface is a dominant
noise source around 100 Hz where the current GWDs have the highest sensi-
tivity. As the thermal noise is proportional to the temperature of the system,
the use of cryogenically cooled test masses and suspensions is a promising way
to reduce the thermal noise. Therefore, cryogenic operation of GWDs effi-
ciently improves the sensitivity and enables to achieve further discoveries in
the Universe.

This chapter is dedicated to introduce the cryogenic GWDs which is con-
structed or planned to be constructed. First, we introduce CLIO as a prototype
for KAGRA. Second, we explain KAGRA which employs cryogenically cooled
sapphire test masses. Then, we introduce the future cryogenic GWDs, the
Einstein Telescope and LIGO Voyager. After that, the technologies which are
being developed to realize the future GWDs are described. Finally, the issue
which originated from the cryogenic system in KAGRA is described.

2.1 CLIO

CLIO (Cryogenic Laser Interferometer Observatory) is a prototype interfer-
ometric GWD toward KAGRA [15]. CLIO was constructed underground in
Kamioka mine, which can reduce the seismic noise. CLIO has two 100 m
length arm, and a Fabry-Perot cavity is embedded in each arm. One of the
notable features of CLIO is the employment of cryogenically cooled sapphire
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test masses, aiming at the demonstration of thermal noise reduction. In or-
der to achieve the cryogenic operation of CLIO, a number of studies were
conducted such as measurement of cryogenic contamination [16], and develop-
ment of a low-vibration cryocooler [17]. Through these works, CLIO achieved a
cryogenic operation, and demonstrated the thermal noise reduction in a GWD
[18]. Thus, CLIO paved a path to large-scale cryogenic interferometric GWDs.

2.2 KAGRA

KAGRA, a gravitational-wave detector constructed in Japan, is operated with
cryogenically cooled sapphire mirrors, aiming to reduce the thermal noises
and to improve the sensitivity [19, 20]. In this section, we briefly describe the
characteristics of KAGRA. More details can be found in Refs [21, 22]. The
parameters are listed in Tab. 2.2.

2.2.1 Configuration

KAGRA employs DRFPMI configuration with 3 km arm cavities as shown in
Fig. 2.1. The optical configuration of KAGRA can be divided into five systems
— the input optics, FPMI, power recycling optics, signal recycling optics and
output optics.

The input optics consist of three parts. An input mode cleaner (IMC),
which is a triangular cavity in the form of isosceles triangle with the length of
one side much shorter than the other two, is employed in the input optics. The
IMC provides three critical functionalities — spatial mode cleaning, polariza-
tion selection and frequency stabilization [23, 24] The input mode matching
telescopes (IMMTs) are used to adjust the spatial mode of input beam. The
FPMI part consists of the BS, which splits the beam into two, and two FP
cavities embedded in each 3 km length arm. The test mass mirrors which com-
pose arm cavities are sapphire mirrors with temperature of 22 K. The power
recycling and signal recycling systems are adopted to improve the sensitivity
by reducing the quantum noise. The output optics remove the unwanted out-
put beam such as higher-order modes which are generated by misalignments,
impurities of mirrors, and so on.

KAGRA is also constructed underground to reduce the seismic noise which
limits the sensitivity at lower frequency range as shown in Fig. 2.7. These
two features, the cryogenically cooled mirrors and underground location, are
unique for KAGRA which are not found in current other GWDs.
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Figure 2.1: Configuration of KAGRA [21]. Each arm has 3-km length which is
composed of the sapphire mirrors. Several types of suspensions are installed in
KAGRA. Test masses which compose arm cavities are suspended by Type-A
suspension in order to reduce the impacts of seismic motion. The types of
suspensions are shown in Fig. 2.2.

2.2.2 Vibration Isolation System

Seismic motion is an inevitable noise source for ground-based precision mea-
surements. The vibration isolation system which reduces the seismic motion of
the mirrors are indispensable for GWDs. Fig. 2.2 shows the vibration isolation
systems employed in KAGRA. A km-scale GWD requires large seismic atten-
uation factor of 10−8 - 10−10 around 10-100 Hz. In order to achieve such high
vibration isolation ratio, 13.5 m height mutlistage pendulum suspension, called
Type-A, is used for test mass mirrors. At the bottom of Type-A tower, a cryo-
genically cooled payload, called cryopayload, is hanged. A cryopayload plays
an important role to achieve a cooling and vibration isolation simultaneously.

Other main optics are also suspended for seismic attenuation. Type-B
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Figure 2.2: The vibration isolation systems used in KAGRA [25]. Type-A sus-
pensions are used for test masses. Type-B is a suspension for signal recycling
cavity mirrors and beam splitter. Type-Bp suspension is for power recycling
mirrors. Type-C suspensions are employed for other important optics such as
input mode cleaner (IMC) or input mode matching telescope (IMMT).

is a suspension for signal recycling mirrors and the beam splitter. Type-B
suspension has approximately 3.1 m height. Type-Bp suspension, simplified
compared to Type-B suspension, is used for power recycling mirrors. Type-
C suspensions are employed for other important optics such as input mode
cleaner (IMC) or input mode matching telescope (IMMT). Thanks to these
suspensions, displacements induced by the seismic motion are mitigated, and
the detector is operated with higher sensitivity.

2.2.3 Cryogenic Systems of KAGRA

The use of cryogenically cooled sapphire test mass mirrors is one of the notable
features of KAGRA. Its diameter, thickness, and weight are 22 cm, 15 cm,
and 23 kg, respectively. On the sapphire mirror surface, dielectric multilayer
coatings are deposited in order to reflect or anti-reflect the laser beam. The
multilayer coatings are composed of SiO2 and Ta2O5 stacked alternately in
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Table 2.1: Cooling methods and temperature of GWDs.

Name Temperature Cooling method
KAGRA 22 K conduction
LIGO Voyager 123 K radiation
The Einstein Telescope 10 K conduction

order to achieve high reflection to the laser beam.

The sapphire test masses are suspended by sapphire fibers which have large
thermal conductivity at cryogenic temperature. In addition, sapphire fiber has
low mechanical loss, resulting in in low thermal noise. On the other hand, the
diameter of the fiber is thicker than that of fused silica fiber used in aLIGO to
achieve enough heat extraction from sapphire test mass to maintain cryogenic
temperature. This leads to larger suspension thermal noise and lower resonant
frequencies of fibers which is called violin modes as shown in Fig. 2.7.

Tab. 2.1 describes the cooling methods of various GWDs. The way of cool-
ing down the mirror depends on its target temperature. As radiative cooling
is dominant above ∼ 100 K, LIGO Voyager plans to employ radiative cooling.
On the other hand, radiative cooling is not dominant below 100 K. There-
fore, in order to cool down the mirror below 100 K, one have to employ heat
conduction for cooling down the mirror. For the case of KAGRA and the ET,
heat links is or will be used which can introduce vibration contamination. Low
vibration cryocoolers are used for cooling down the mirrors in order to reduce
the amount of vibration which can be transferred to the mirror [17]. Besides,
aluminum heat links are employed, aiming effective cooling and mitigate vibra-
tion contamination [26]. However, the vibration induced by heat links can still
degrade the sensitivity, and the heat link vibration isolation systems (HLVISs)
are installed to reduce the vibration noise in KAGRA.

Fig. 2.3 shows the cryogenic part of KAGRA. The sapphire mirror is sus-
pended by cryopayload to reduce the seismic noise. Heat links are connected
to the cryopayload though the HLVISs for conductive cooling. Fig. 2.4 shows
how the test mass is cooled by conductive cooling.

The cryopayload is hanged by 13.5 m length suspension, called Type-A
suspension. Cryogenically cooled duct shields are installed to reduce the ra-
diation from room temperature environment. The length of duct shield is
approximately 5350 mm, and its diameter is 370 mm as shown in Fig. 2.5.
Baffles are installed inside the duct shield in order to mitigate the impacts of
scattered light which can appear in output signal of GWD by recombining to
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Figure 2.3: Schematic wiwe of the cryogenic payload (Left) and tower for test
mass (right) in KAGRA [21]. The sapphire mirror is suspended by cryopay-
load. Heat links are connected to the cryopayload for conductive cooling. The
beam from the arm cavity comes though the duct shield which reduces the
radiation from room temperature environment.

the main beam. This shield also reduces the thermal input by radiation from
the room temperature environment to 0.1 W. The extractable heat is designed
as 0.72 W. This value is considered enough for maintain the temperature of
sapphire mirror at 22 K. Thanks to the cryogenic system, KAGRA can operate
with cryogenically cooled sapphire mirrors.

Fig. 2.6 shows the cooling curve of sapphire test mass. In order to reach the
cryogenically cooled sapphire test mass, it takes about one month. Therefore,
the time which can be spent for commissioning before an observing run be-
comes shorter than other room temperature GWDs due to the cooling period.
Studies for shortening the cooling time are important for cryogenic GWDs.

2.2.4 Sensitivity of KAGRA

The designed sensitivity of KAGRA is shown in Fig. 2.7. Quantum noise
dominates broad band frequency range — radiation pressure noise and shot
noise limit the sensitivity at lower and higher frequency range, respectively.
Thermal noise induced by sapphire mirrors is still one of the dominant noise
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Figure 2.4: Schematic of the thermal connection of cryogenic payload in KA-
GRA. The sapphire test mass is suspended by sapphire fibers which extract
heat, and other stages are connected by aluminum heat links.

sources around 100 Hz where KAGRA hase the highest sensitivity. Especially,
thermal noise from coatings on the sapphire mirrors are dominant noise source.
Not only quantum noise, but also thermal noise, especially coating thermal
noise, are needed to be reduced for further improvement in the sensitivity.
One can see several peaks in suspension thermal noise. Two peaks at lower
frequency is due to the resonance of the suspension. The peak around 180 Hz
is so-called violin mode which originates from the sapphire fibers hanging test
mass mirrors.

Historically, the binary neutron star inspiral range has been commonly used
as an index of the sensitivity of GWD. The binary neutronstar inspiral range
is the merit of the GWD which denotes the detectable range of 1.4 M� binary
neutronstar merger with S/N = 8. The binary neutron star inspiral range can
be calculated as [28]

R =
0.442

ρth

(
5

6

)1/2
c

π2/3

(
GMc

c3

)5/6 [∫ fmax

fmin

f−7/3

Sn(f)
df

]1/2

, (2.1)

where ρth = 8 is the threshold, G the gravitational constant, andMc the chirp
mass of the binary system. The factor 0.442 is the sky average constant [29].
The lower frequency limit fmin is set to be fmin = 10. The upper end frequency
is set to be the gravitational-wave frequency at the ISCO of the Schwarzshild
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Figure 2.5: Schematic picture of cross section of the duct shield in KAGRA.
The length of duct shield is 5350 mm and the diameter is 370 mm. The baffles
are installed inside the duct at 1 m intervals to reduce the scattering noise.

metric which is described as

fmax =
c3

63/2πGMtot

, (2.2)

where Mtot = m1 + m2 is the total mass. The designed binary neutron star
range of KAGRA is 153 Mpc with Detuned Resonant Sideband Extraction
(DRSE) configuration.

2.3 Future Gravitational-wave

Detectors

2.3.1 The Einstein Telescope

The Einstein Telescope (ET) is planned to be constructed in Europe with 10 km
arm length xylophone. The ET will be constructed underground and consists of
two part, the ET-LF and the ET-HF. The ET-HF will adopt room temperature
test masses which explores high frequency GWs. On the other hand, the ET-
LF, which is specialized for low frequency GWs, will employ cryogenically
cooled test masses at 10 K with 1550 nm wavelength laser. In order to achieve
10 K test mass mirrors, conductive cooling systems are planed to be installed
in the ET. As conductive cooling can induce vibration contamination via heat
links, vibration isolation systems for heat links also will be employed [30]. In
order to realize 10 K cryogenically cooled mirrors, a number of studies are
on-going [31, 32].

As shown in Fig. 2.8, the ET-LF has remarkable sensitive below 10 Hz where
one cannot access with current GWDs. The design sensitivity is approximately
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Figure 2.6: The cooling time of KAGRA test mass [21]. Due to the restart of
cryocoolers, one can see the bump around day 30. It takes about one month
to obtain cryogenically cooled sapphire test mass.

100 times better at 10 Hz than current GWDs such as KAGRA. Therefore, the
realization of the ET should provide further discoveries which cannot been done
by current GWDs. One example is a detection of GW from intermediate mass
black holes with masses on the order of 102 − 103M�. The existence of such
intermediate mass black hole has been proved by direct detection [33]. In order
to constrain formation scenarios such massive black holes, multiple detections
are necessary [34]. ET-LF, which employs cryogenically cooled mirror, is suited
for detections of massive black holes and should provide further insights into
the Universe.

2.3.2 LIGO Voyager

LIGO Voyager is a substantial upgrade of aLIGO, and will employ cryogeni-
cally cooled mirrors with DRFPMI configuration [35]. The LIGO Voyager test
mass temperature is planed to be 123 K where silicon has a zero cross of its
thermal expansion coefficient [36]. Therefore, the substrate thermal noise can
be minimized.

The cryogenic system in LIGO Voyager employs radiative cooling to main-
tain the test mass temperature at 123 K. This approach can avoid the com-
plicating the suspensions with vibration contamination via conductive heat
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Figure 2.7: The design sensitivity and noise sources of KAGRA [27]. Black
solid line represents the sensitivity of KAGRA. Other curves denote the noises
which contribute to the sensitivity. The first order of violin mode can be seen
around 180 Hz, and its higher-order also can be seen at higher frequency range.
At most sensitive frequency range around 100 Hz, the mirror thermal noise,
especially coating thermal noise, is still dominant though the cryogenically
cooled mirrors are employed.

paths. In order to achieve 123 K temperature, cryogenic shields with about
10 m lengths are used which isolate the radiation from the room temperature
environment.

LIGO Voyager requires approximately 150 W laser power at the input to
the interferometer. As the arm cavity power in LIGO Voyager is designed
as 3 MW, the absorption in the coatings is one of the problems which can
prevent cryogenic operation. Choosing a longer wavelength, around 2000 nm,
can mitigate the absorption in the coatings and realize the designed arm cav-
ity power. However, the improvements in substrate material, coatings, and
cryogenic systems are still needed to realize LIGO Voyager.

Fig. 2.9 shows the sensitivity and noise sources of LIGO Voyager. The
inspiral range of LIGO Voyager for 1.4M· neutronstar binary system is about
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Figure 2.8: The design sensitivity of the Einstein Telescope [30]. The ET
consists of two parts — specialized for low frequency or high frequency GWs.
The blue and green solid line shows the sensitivity of the ET-LF and ET-HF,
respectively. The red line represents the total sensitivity of the ET which is
the summation of the ET-LF and ET-HF.

740 Mpc. This is about 4 times larger inspiral range, resulting 43 = 64 times
larger number of detection than aLIGO. Moreover, LIGO Voyager has a good
sensitivity such that it can detect 30− 30M� binary black hole mergers even
at z ∼ 10 [35]. Therefore, the realization of LIGO Voyager will enrich the
gravitational-wave astronomy.

2.4 Technologies for Future

Gravitational-wave Detectors

In order to realize the future GWDs with improved sensitivity, a number of
studies are being conducted intensively. In this section, we briefly introduce
several technologies to be developed for future GWDs.
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Figure 2.9: The design sensitivity and noise sources of LIGO Voyager [35].
Black solid line represents the sensitivity of LIGO Voyager. Other curves
denote the noises which contribute to the sensitivity.

2.4.1 Filter Cavity

Quantum noise which limits the sensitivity at broad band frequency range is
one of the important noise sources in GWDs. This noise originates from the
quantum nature of light. The use of frequency-dependent squeezing technique
is a possible solution to reduce the quantum noise in the broad band frequency.
Filter cavity experiment in TAMA 300 interferometer demonstrated frequency-
dependent squeezed vacuum which can reduce the quantum noise [11]. In
future, the employment of filter cavity in GWDs will enable improvement in
an overall sensitivity.

2.4.2 Substrate Material

The choice of a substrate material for a test mass mirror is one of the most
important parts to construct a GWD. There has been a number of studies
to achieve the high-end, low-loss mirror for GWDs [37, 38, 39]. There are
some candidates as test mass mirror substrates for future GWDs — fused
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silica, sapphire, and silicon. Fused silica, the material used in the current
room temperature GWDs, has a large mechanical loss at cryogenic temperature
which leads to large thermal noise and is not suitable for a cryogenic GWD [40].

Silicon is one of the most likely candidates for a cryogenically operated
GWD. Silicon has a small mechanical loss and consequently low Brownian
noise under cryogenic temperature [41]. In addition, silicon has the unique
advantage that its substrate thermo-elastic noise vanishes at 18 K and 123 K
where its coefficient of thermal expansion crosses zero [36]. However, as silicon
is opaque for wavelengths shorter than 1100 nm and has small absorption only
for wavelengths longer than 1400 nm, the wavelength of main laser should be
within the range of 1400 nm to 2100 nm [42]. Therefore, the wavelength of
main laser is chosen to be 1550 nm and 2000 nm for ET and LIGO Voyager,
respectively [30, 35].

The size of test mass is important for radiation pressure noise and coating
thermal noise. Heavier and larger diameter test masses are necessary to reduce
the radiation pressure noise and coating thermal noise, respectively. Current
magnetically stabilized Czochralski (MCZ) technique realized 45 cm diameter
silicon crystal with high purity. Therefore, 200 kg silicon test mass without
serious impurities is achievable in the future GWDs.

Sapphire, which is used in KAGRA, is also one of the candidates. How-
ever, the available size of high-quality sapphire mirror is not so large and a
breakthrough in technology is indispensable to fabricate larger size of sapphire
mirror. In addition, sapphire is a birefringent crystal, and has a potential to
induce polarization conversion from S-pol. to P-pol., which can make harder to
operate the interferometer stably. There are rooms to be improved to achieve
higher sensitivity of GWDs with sapphire mirrors.

2.4.3 Coatings

Thermal noise arises from the coatings on the test mass becomes one of the
noise sources which can limit the sensitivity. For the case of the ET, coatings
which have 25 times smaller thermal noise than that of current ones with about
1 ppm absorption are required. Current typical SiO2/Ti : Ta2O5 coating have
large mechanical loss around 20 K, which leads to large thermal noise. There-
fore, in order to achieve future cryogenic GWDs, the development of coating
materials and methods such that thermal noise satisfies the requirement are
indispensable.
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Low Noise Coating

One of the most promised way to reduce the coating thermal noise (CTN) is
to employ low noise coatings. New materials or methods have been studied
in order to reduce the CTN [32, 43]. One notable method is to use crys-
talline coatings which have shown large reduction in Brownian thermal noise
[44]. These coatings are deposited GaAs and AlGaAs multilayers on GaAs
substrate and can be transferred onto other substrate material. With these
coatings, notable optical properties have been demonstrated [44, 45]. However,
the size of these coatings is limited by the GaAs substrates currently available.
In addition, it requires further tests to evaluate the effect of coating-substrate
bonding on any possible thermal noise. An alternative technique to utilize
crystalline coatings is to grow a lattice-mathced coating directly onto a sub-
strate. This method removes the need for a complex transfer process. In the
case of silica substrate, a possible multilayer crystalline coatings is GaP/AlGaP
[46]. Especially, GaP/AlGaP coatings have shown remarkable low mechanical
loss at cryogenic temperature. Nevertheless, the GaP/AlGaP coatings need
more studies as a mirror coating and further development, particularly of the
optical properties.

Amorphous silicon is an interesting material which has large refractive in-
dex and shows low mechanical loss at cryogenic temperature [31]. Amorphous
silicon, however, has large optical absorption and needs to be tackled with
this problem [47]. One possible solution is to adopt multi-material coatings
which can achieve the requirement on absorption while amorphous silicon is
deposited on near surface of the substrate [31]. By using amorphous silicon
with appropriate composition, one can significantly reduce the coating thermal
noise combining with cryogenic test masses.

Post Deposition Treatment

One possible approach to reduce the CTN is a post deposition heat treatment
i.e., annealing of coatings. Annealing at appropriate temperature improves
the optical properties of coatings such as absorption and mechanical loss [48].
Therefore, the annealing has an important role to achieve state-of-the-art mir-
rors.

However, annealing causes the crystallization of amorphous coatings above
a certain temperature and the crystallization temperature varies with coating
materials. For the case of typical SiO2/Ta2O5 coatings, tantala layers start to
crystallize around 600 ◦C while the silica layers can be baked up to 950 ◦C. One
possible solution to increase the annealing temperature is to employ some opti-
mal alloy of the materials such as TiO2 or ZrO2 [49]. Doping tantala with tita-
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Figure 2.10: Left picture shows the sapphire mirror at room temperature [54].
Right picture shows the frosted sapphire mirror at cryogenic temperature [55].

nia is employed in aLIGO test mass so as to reduce the coating thermal noise.
Optimally doped coating shows not only lower mechanical loss but also higher
crystallization temperature and can lead to smaller thermal noise. Another is
to use very thin nano-layers in which small thickness of the layer suppresses
crystallization of coating materials [50]. In addition, nano-layer thickness thin
film can reduce the mechanical loss at cryogenic temperature [51].

Coating-Free Mirrors

High reflective mirrors without deposited thin films can be a solution to reduce
the coating thermal noise due to the lack of large mechanical loss thin films.
Recent studies have reported some amount of achievement in developing high-
finesse cavities [52, 53]. However, coating-free mirrors still require significant
development in order to be employed in the precision measurements.

2.5 Technical Problem

— Molecular Layer Formation

In this section, we describe a technical problem, which can happen in future
cryogenic GWDs. One of the critical problems for cryogenic GWDs is the
formation of molecular layer on cryogenic mirror surfaces. The molecular layer
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Figure 2.11: Schematic of how molecular layer formed on the cryogenic mirror
surface by a molecular flow from beam duct. As the pressure inside the cryostat
is quite low compared to that of beam duct because of the cryopumping. The
residual gas molecules attached on the room temperature beam duct can easily
desorbed, and transported to the cryostat. A part of transported gas molecules
hits and be trapped on the test mass surface.

formation is induced by the so-called cryopumping effect, which is usually
employed in a vacuum pump [56]. When the vacuum level inside the cryostat
is insufficient, the residual molecules are adsorbed by the cryogenic mirror,
resulting the frosting of the mirror. KAGRA experienced such phenomenon
when the mirrors were cooled down to cryogenic temperature, i.e., ∼ 20 K as
shown in Fig. 2.10 [55].

The molecular layer can be formed though the vacuum level inside the
cryostat is enough high to avoid the adsorption of the residual molecules inside
the chamber. As the cryostat works as a type of vacuum pump, the pressure
inside the cryostat is smaller than that of the room-temperature beam duct.
This pressure difference leads to continuous molecular transportation onto the
cryogenic mirror surface from the room-temperature beam duct where water
molecules can easily detached from the surface. When gas molecules hit a
cryogenic mirror surface, they lose their kinetic energy and adhere onto the
surface due to the cryopumping. Therefore, the collisions of gas molecules
create a molecular layer which grows over time on top of the cryogenic mirror
surface. We call such a molecular layer a cryogenic molecular layer (CML) in
this thesis. Fig. 2.11 shows the schematic picture of how a molecular layer is
formed on the cryogenic test mass.

Formation of the CML prevents the observation of cryogenic GWDs with
their best performance due to its optical loss. The possible impacts of the CML
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on the optical loss are calculated in the next chapter. The optical loss induced
by the CML also degrades the quantum noise. The CML also can contribute
to the thermal noise which can limit the sensitivity [57]. In order to remove the
CML, one have to warm up the mirror, resulting in less observation time. As
shown in Fig. 2.6, recooling of the test mass mirror in KAGRA requires about
one month, and the observation will be suspended during this period. Hence,
the CML formation is a critical problem in cryogenic GWDs as it decreases
the number of detection and observation time.

2.5.1 Previous Studies

In order to achieve cryogenic operation of KAGRA, several studies were per-
formed to investigate the impacts of CMLs. In 2001, the optical loss of CML
was measured by a table top experiment [16]. In this table top experiment,
the finesse degradation induced by a cryogenic contamination was monitored
for about 50 days with 10 K cryogenic Fabry-Perot cavity. It revealed that
the power recycling gain (PRG) of KAGRA, which is an important factor
to maintain the performance of KAGRA, can be maintained within tolerable
degradation for 130 days.

A further study in KAGRA was performed to estimate the CML formation
speed by using a Fabry-Perot cavity [58]. The formation speed was obtained
by oscillations in finesse of the cavity induced by the reflectivity change due to
the CML formation. The estimated CML formation speed was 27 nm/day with
5 × 10−6 Pa vacuum level. This study also revealed that the inspiral range of
KAGRA can decrease by about 30% after one year of operation. In addition,
they mentioned that a CML can increase thermal noises through large heat
input to test masses.

Both of these previous studies are performed with 1064 nm wavelength laser
sources. Future cryogenic GWDs, however, will employ longer wavelength laser
such as 1550 nm or 2000 nm [30, 35], and the optical impacts of CMLs at these
longer wavelength had not been investigated. Therefore, optical loss study
and characterization of CMLs at longer wavelength becomes very important
to estimate the impacts on future cryogenic GWDs.

2.6 Target of this Study

A cryogenincally cooled mirror is a key technology to achieve the future GWDs.
Such cryogenic mirrors can adsorb the residual gas molecules, and reduce the
performance of GWD. Previous studies investigated possible impacts of ad-
sorbed CML on KAGRA which employs 1064 nm laser. However, there is no
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study which investigated the optical loss of CMLs for future GWDs, which
will employ longer wavelength than 1064 nm, though CMLs can affect the per-
formance even at very thin thickness. The goal of this thesis is to study the
impact of the molecular formation on optical loss of future cryogenic GWDs
by theoretical calculations, andestablish a method to characterize with a ppm
level resolution in optical loss measurement and a nanometer level resolution
in thickness determination.

2.7 Summary of this Chapter

• Operation with cryogenically cooled test mass mirrors is a promising
approach to enhance the number of GW detection by improving the
sensitivity.

• KAGRA operates with 22 K cooled sapphire test masses to reduce ther-
mal noises.

• The future cryogenic GWDs have improved sensitivity and should pro-
vide new discoveries.

• However, cryogenically cooled mirrors can suffer from the formation of
molecular layers on their surfaces.

• The molecular layer formed on the cryogenic mirror surface affects the
GW observation, and can reduce the number of detection.

• Previous studies investigated the impacts of the molecular layer on the
optical loss of KAGRA. However, the impacts on the optical loss of future
GWDs have not been studied.

• The goal of this thesis is to study the impact of the molecular formation
on optical loss of future cryogenic GWDs, and give a novel approach to
characterize the optical loss of very thin molecular layer.
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Table 2.2: The parameters of KAGRA [21].

Parameters Symbol Value
Arm length Larm 3000 m
Mirror mass M 22 kg
Beam radius w0 3.5 cm
Temperature of the test mass T 22 K
ITM transmittance TITM 0.4%
ETM transmittance TETM 7 ppm
PRM transmittance TPRM 10%
Loss inside the arm cavity Tloss,arm 93 ppm
Laser wavelength λ 1064 nm
Laser power Pin 67 W
Mirror thickness dmir 15 cm
Absorption in test mass αmir 50 ppm/cm
Density of sapphire ρsap 3980 kg/m3

Specific heat of sapphire Csap 0.69 J/K/kg
Thermal expansion rate of sapphire αsap 5× 10−6 1/K
Thermal conductivity of sapphire κsap 1.57× 104 W/m/K
Young’s modulus of sapphire Ysap 73.2 GPa
Poisson ratio of sapphire σsap 0.25
Loss angle of sapphire mirror φsap 1× 10−8 rad
Refractive index of sapphire (λ = 1064 nm) nsap 1.7545
Diameter of sapphire fiber df 1.6 mm
Length of sapphire fiber lf 350 mm
Loss angle of sapphire fiber φf 2× 10−6 rad
Extractable heat Q 0.72 W
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Chapter 3

Theoretical Study of
Cryogenic Molecular Layer

The use of cryogenic mirrors is a promising approach to improve the sensitivity
of GWDs. The cryogenic mirrors in KAGRA, however, suffered from the CML
on the mirror surfaces as shown in Fig. 2.10 [55]. The properties of the mirror,
i.e., the reflectance and transmittance, change due to the growth of CML.

The impact of the CML on scattering has been experimentally estimated
on a small-scale cryogenic system [16]. Recent study revealed that the CML is
formed on the high-reflection (HR) side of the cryogenic mirror in KAGRA, and
the formation rate and possible impacts on KAGRA were estimated [58, 59].
Both of these studies are conducted with the laser wavelength of 1064 nm. On
the other hand, future GWDs will employ longer wavelength laser. The ET is
planning to use 1550 nm wavelength laser for the law-frequency part (ET-LF),
and LIGO Voyager will use 2µm wavelength. At such a longer wavelength
region, the water molecules, which is considered as one of the most dominant
molecules of the CML, have much larger optical absorption compared to that
at 1064 nm. Fig. 3.1 shows the absorption of ice around 1550 nm, and 2000 nm.
The amorphous ice, which is considered as the main component of the CML,
has large absorption within this range. Hence, the optical loss due to the CML
can be more critical for future cryogenic GWDs.

In this chapter, first, we describe one of the possible impacts of the CML
on cryogenic GWDs i.e., optical losses. Then, we derive a theoretical model of
the optical loss induced by the CML in a cryogenic GWD. Finally, we show
how the optical loss of the CML affects a cryogenic interferometric GWD. The
contents described in this chapter is published as an article by the author [61].
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Figure 3.1: Absorption of ice. This figure is cited from the reference [60].
Horizontal axis is the wavenumber, which is the inverse of wavelength, 1/λ.

3.1 Optical Loss

Low optical loss mirrors are vital for precision laser interferometry [38, 62]. As
shown in Fig. 3.2, optical loss in the mirror is introduced mainly by two paths
— optical scattering and absorption. The test mass mirrors used in GWDs
are manufactured with state-of-the-art technologies to meet the requirements
on optical losses [63]. A molecular layer, however, generates additional optical
loss which can hinder us from operating the detector at a cryogenic temper-
ature and achieving the design sensitivity. Especially, the optical absorption
generates an additional heat load to a cryogenic mirror and its temperature
can be increased by this effect. In this section, we review the derivation of the
optical loss by CML on a test mass mirror. More details can be seen in the
reference [59].

3.2 Scattering

A beam reflected by a mirror is scattered by imperfections of the mirror surface
which causes an optical loss and decreases the arm cavity power in GWDs.
Moreover, the scattered light can become a technical noise source in GWDs by
recombining to the main beam [64, 65]. Therefore, the scattering by the CML
can reduce the sensitivity of GWDs. In this section, we theoretically derive
the amount of optical loss induced by scattering in the CML.
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Figure 3.2: Schematic drawing of the optical loss in the test mass mirror.
The scattering and absorption lead to less arm cavity power which decreases
the sensitivity of GWDs. Furthermore, the optical absorption introduces an
additional heat load to a cryogenic mirror.

The ratio between the total reflected beam power and that of scattered
light, called total integrated scattering (TIS), is defined as [66]

TIS ∼ Psca

P0R
, (3.1)

where P0 is the incident beam power, Psca is the power of the scattered light
and R is the reflectance of the CML surface. For the case of the angle of
incidence equals to zero such as the arm cavities in GWDs, the TIS can be
calculated as [67]

TIS = 1− exp

{
−
(

4πσ

λ

)2
}
, (3.2)

where

σ2 = 2π

∫ 1
λ

0

PSD(f)fdf. (3.3)

Here λ is the laser wavelength. PSD(f) [m4] represents the 2−D surface power
spectral density and f [1/m] is the spatial frequency.

Assuming uniform molecular adsorption on a cryogenic mirror surface, the
incident molecular flux to the unit area follows the Poisson distribution. There-
fore, the standard deviation of the number of molecules is given by

√
〈N〉 where
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N is the average number of molecules. The relationship between the thickness
of CML, t, and N can be expressed as

t = N

(
M

ρNA

)1/3

, (3.4)

where ρ = 940 [kg/m3] represents the density of the CML, NA [1/mol] is the
Avogadro number and M = 18 × 10−3 [kg/mol] is the molecular mass. From
Eq. (3.4), the relation between the mean thickness of the CML, 〈t〉 and its
standard deviation, σ〈t〉, can be written as

σ〈t〉 =

(
M

ρNA

)1/3√
〈N〉 =

(
M

ρNA

)1/6√
〈t〉. (3.5)

PSD which follows this distribution can be calculated as [68]

PSD(f) = πσ2
〈t〉ξ

2 exp[−(πfξ)2], (3.6)

where ξ is the correlation length which characterizes the periodic length of the
roughness along the surface. Thus, the scattered power by the CML can be
expressed as

Psca ∼ P0R

[
1− exp

{
−

32π4σ2
〈t〉ξ

2

λ2

∫ 1
λ

0

e−(πfξ)2fdf

}]
. (3.7)

Assuming the correlation length of the CML, ξ, Eq. 3.7 allows us to estimate
the optical loss generated by the scattering.

3.3 Optical Absorption

Another way leading to an optical loss is the optical absorption. Especially,
the optical absorption in a cryogenic mirror plays a crucial role in selecting
the parameters of GWD because of an additional heat load on the test mass
mirror. For the case of a GWD, a Fabry-Pérot cavity is embedded in the arm
to improve the sensitivity [20, 69, 35]. Hence, the laser power inside the arm
cavity becomes extraordinarily large and the optical absorption introduced
by the CML can become a critical heat source in the cryogenic test mass.
Absorption in the anti-reflection (AR) surface can be negligible because of
much lower laser power on the surface than the HR side.

The laser power density inside a medium I(z) follows the Lambert-Beer
law as

I(z) = Is exp(−αz), (3.8)

50



3 Theoretical Study of
Cryogenic Molecular Layer 3.3 Optical Absorption

where z represents the depth of the medium from its surface, Is is the laser
power density at the surface, z = 0, and α is the absorption coefficient. As-
suming Gaussian beam with the beam radius of w0, the profile of the laser
power intensity can be written as

Ir = I0 exp

(
−2r2

w2
0

)
=

2P0

πw2
0

exp

(
−2r2

w2
0

)
. (3.9)

where r =
√
x2 + y2 and P0 represent the radius of the beam in cross section

and the laser power, respectively. Therefore, the intensity in the medium can
be expressed as

I(r, z) =
2P0

πw2
0

exp

(
−2r2

w2
0

− αz
)
. (3.10)

The power absorbed by the volume element rdrdθdz of the medium can be
computed as

A(r, z) = {I(r, z)− I(r, z + dz)} rdrdθ

= −∂I(r, z)

∂z
rdrdθdz

=
2P0

πw2
0

α exp

(
−2r2

w2
0

− αz
)
rdrdθdz. (3.11)

Thus, the total laser power absorbed by a CML of thickness dCML becomes

ACML = −
∫ ∞

0

dr

∫ 2π

0

dθ

∫ dCML

0

r
∂I(r, z)

∂z
dz

= P0 {1− exp(−αdCML)} . (3.12)

Assuming the amplitude of the laser intensity inside the medium follows the
Lambert-Beer law, the total amount of the absorption by the molecular layer,
ACML, with the thickness of dCML is expressed as

ACML = PCML[1− exp(−αCMLdCML)], (3.13)

where PCML is the laser power incoming to the molecular layer and αCML =
4πIm(NCML)/λ is the absorption coefficient of the molecular layer where NCML

is the complex refractive index of CML.
For the case of the GWDs, the laser power inside the arm cavity becomes ex-

traordinary large. Therefore, the optical absorption introduced by the molec-
ular layer can become a critical heat source in the cryogenic test mass. As
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the laser power inside the arm cavity is much larger than that of the power
recycling cavity (PRC), the absorption on the AR side of the test mass can be
negligible.

A power recycling technique is applied to GWDs in order to reduce the
shot noise by enhancing the laser power inside interferometers [70]. The intra-
cavity power is determined by the finesse of the arm cavity and the power
recycle gain. The laser power inside the PRC can be written as

PPRC = G(dITM
CML, d

ETM
CML)Pin, (3.14)

where G(dITM
CML, d

ETM
CML) is the power recycle gain, dITM,ETM

CML the thickness of the
molecular layer on the ITM or ETM, and Pin the incident laser power into the
PRC. The power recycle gain G(dITM

CML, d
ETM
CML) can be expressed as [58]

G(dITM
CML, d

ETM
CML) =

{
tPRM

1− 1
2
rprm

∑
i ri(d

ITM
CML,i, d

ETM
CML,i)

}2

. (3.15)

where ri(d
ITM
CML,i, d

ETM
CML,i) (i = x, y) represent the reflectivity of the x or y arm

cavity i.e., inline or perpendicular to the incoming beam to the BS, which is
given by

ri
(
dITM

CML,i, d
ETM
CML,i

)
= −rITM,i(d

ITM
CML)

+
t2ITM(dITM

CML)rETM(dETM
CML)rloss,arm

1− rITM(dITM
CML)rETM(dETM

CML)rloss,arm

, (3.16)

where rloss,arm is the loss equivalent reflectivity in the arm cavity. The reflec-
tivity of the mirror with the molecular layer can be calculated by using the
characteristic matrix as shown in the reference [58]. Defining the amount of
loss inside the arm cavity as Tloss,arm, the loss equivalent reflectivity can be
expressed as

rloss,arm =
√

1− Tloss,arm. (3.17)

The laser power inside the arm cavity is enhanced by 2Farm(dITM
CML, d

ETM
CML)/π

where Farm(dITM
CML, d

ETM
CML) is the finesse of the arm cavity which can be written

as

Farm(dITM
CML,d

ETM
CML)

=
π
√
rITM(dITM

CML)rETM(dETM
CML)rloss,arm

1− rITM(dITM
CML)rETM(dETM

CML)rloss,arm

. (3.18)
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As the beam is split by a beam splitter, the intra-cavity power, Parm, is reduced
by a factor of 2 and becomes

Parm =
1

π
Farm(dITM

CML, d
ETM
CML)PPRC

=
1

π
Farm(dITM

CML, d
ETM
CML)G(dITM

CML, d
ETM
CML)Pin. (3.19)

The part of the laser power is reflected at the interface of the vacuum and
molecular layer surface and the incoming laser power is reduced. The power
reflectance of molecular layer, RCML, is given by

RCML =

∣∣∣∣n0 − nCML

n0 + nCML

∣∣∣∣2 . (3.20)

The incoming laser power into the molecular layer can be written as

PCML = Parm(1−RCML). (3.21)

Thus, assuming the Lambert-Beer law holds for the molecular layer, the
amount of the optical absorption by the molecular layer can be estimated as

ACML =
1−RCML

π
Farm(dITM

CML, d
ETM
CML)G(dITM

CML, d
ETM
CML)

× Pin[1− exp(−2αCMLdCML)]. (3.22)

It should be noted that the index of the exponential is doubled by taking into
account of the reflection of the coating.

3.4 Optical Loss Estimation

Table 3.1: The parameters to calculate the refractive indices. C1 and C2 are
given by the previous report [71]. D1 and D2 are obtained by fitting using
Eq. 3.23.

Symbol
√
C1

√
C2 D1 D2

Value 71 134 0.00996 0.0319

Some of future GWDs are planed to use cryogenic mirrors to achieve better
sensitivity. Low optical absorption is critical for cryogenic GWDs both to
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Figure 3.3: Refractive index of the amorphous ice for various temperatures
derived by the Lorentz-Lorenz equation.

maintain the cryogenic temperature of the test mass and achieve the design
sensitivity. As the arm cavity power is designed to be 18 kW and 3 MW for ET
and LIGO Voyager, respectively, an additional heat absorption introduced by
the CML can become a critical problem in maintaining cryogenic temperature
of the test masses. We show the impacts of CML on the future GWDs which
adopt cryogenic mirrors.

In order to evaluate the impact of the CML, we need several assumptions.
First, we assume that the CML is composed of water as the previous works have
done [58, 57]. In addition, the water molecular layer is formed as amorphous
ice [72]. The refractive index of amorphous ice at the cryogenic temperature
has been studied for the wavelength of 210− 757 nm [71]. We extrapolate the
refractive index at 1064 nm, 1550 nm and 2000 nm by extrapolation using the
Lorentz-Lorenz equation which gives the relation between the density ρ and
the refractive index n(λ) as

R(λ) =
1

ρ

n(λ)2 − 1

n(λ)2 + 2
, (3.23)
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where R(λ) is the specific refraction which can be expressed as

R(λ) =

√
D1λ2

λ2 − C1

+
D2λ2

λ2 − C2

. (3.24)

C1, C2, D1 and D2 are the parameters to explain the experimental result and
C1 and C2 are given by the previous report [71]. D1 and D2 are obtained by
fitting the data shown in the reference [71] using Eq. 3.23. The results are
shown in Fig. 3.3 and the value of parameters are listed in Table 3.1. As there
is no characteristic structure of H2O molecule within the wavelength we discuss
here, its refractive index monotonically decreases gently until 2µm as shown
in the reference [73]. Therefore, this extrapolation is a reasonable assumption
to evaluate the effect of the CML. Furthermore, we use the literature value for
the estimation of optical absorption. The absorption coefficient of amorphous
ice has been reported at the temperature of 40 K and 140 K [60]. As the tem-
perature dependence of the absorption coefficient is so weak between 40 K and
140 K, we adopt these literature values to calculate the absorption at 123 K.
In addition, we assume that the absorption coefficient at 10 K is almost the
same as the value at 40 K. The parameters which are used for the estimation
are shown in Table 3.2.

3.4.1 KAGRA

First, let us revisit the case of KAGRA as the a reference for future GWDs.
KAGRA is operated with cryogenically cooled sapphire mirrors at the tem-
perature of 22 K with the wavelength of 1064 nm laser source [19, 20]. For the
case of KAGRA, test masses are cooled by heat conduction through sapphire
fibers which suspend them. The estimated heat extraction capacity is about
0.72 W [27], and the absorption in the coatings is less than 0.5 ppm [74, 39].
More details of the impacts of the CML formation on KAGRA are reported in
the references [58, 59].

Fig. 3.4 shows estimated optical loss by scattering and absorption for KA-
GRA. Here we assumed the absorption coefficient as α = 2.2× 10−2 ppm/nm
and other related parameters are listed in Tab. 2.2 [73]. Optical loss induced
by scattering is less than 1 ppm as long as the thickness of the CML is below
1µm even if the correlation length ξ equals to σ〈t〉. Assuming the uniform
molecular injection onto the mirror surface, the correlation length, ξ, becomes
small because it forms the tidy and smooth surface. Therefore, the impact of
the scattering can be negligible when the thickness of the CML is below 1µm.
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Table 3.2: The assumed parameters of future cryogenic GWDs [30, 35]. Here
we assume that the CML is composed by amorphous ice. The refractive indices
of amorphous ice are derived by the fitting using Lorentz-Lorenz equation. It
should be noted that the refractive indices at 22 K and 123 K are the aver-
aged value of that at 10 K and 30 K, and 110 K and 130 K, respectively. The
absorption coefficient of the CML is assumed the literature value [73, 60].

Parameters Symbol ET Voyager
Temperature of the test mass T 10 K 123 K
ITM transmittance TITM 0.7% 0.2%
ETM transmittance TETM 6 ppm 5 ppm
PRM transmittance TPRM 4.6% 4.92%
Loss inside the arm cavity Tloss,arm 75 ppm 10 ppm
Laser wavelength λ 1550 nm 2000 nm
Laser power Pin 3 W 152 W
Mirror thickness dmir 50 cm 55 cm
Refractive index of CML nCML 1.19 1.28
Absorption coefficient of CML αCML 2.0 ppm/nm 8.0 ppm/nm
Absorption in test mass αmir 3.2× 10−2 ppm/cm 10 ppm/cm
Extractable heat Q 100 mW 10 W

3.4.2 The Einstein Telescope

Einstein Telescope is a planned European GWD which will use cryogenic sili-
con mirrors at the temperature of 10 K with the wavelength of 1550 nm laser
source for the low frequency part [69]. Extracting the heat generated by the
absorption at the mirror surfaces has to be done by the thermal conduction
of the suspension fibers because of the significantly low thermal radiation at
cryogenic temperature of 10 K. The absorption in the coatings is designed to
be 1 ppm, and the capacity of heat extraction by the suspension fibers is only
100 mW [30]. Therefore, the optical absorption should be kept as small as
possible.

Fig. 3.5 shows the result of the optical loss by the scattering and absorption
for ET. The impact of scattering can be negligible when the thickness of the
CML is below 1µm in the same manner as KAGRA. On the other hand, the
absorption is remarkably large because of the use of a longer wavelength laser
and has a potential to prevent a cryogenic operation due to the additional heat
load to the test mass.
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Figure 3.4: Scattering and absorption loss for the case of KAGRA. The as-
sumed wavelength is λ = 1064 nm. Red solid line, yellow dashed line, green
dashdot line and blue dotted line represent the absorption and scattering with
the correlation length of ξ = σ〈t〉, σ〈t〉/10 and σ〈t〉/100, respectively.

3.4.3 LIGO Voyager

LIGO Voyager is a substantial upgrade of aLIGO, aiming to improve the inspi-
ral range by a factor of 4 to 5 [35]. Silicon is also a candidate material for LIGO
Voyager test masses and will be cooled down to 123 K. The laser wavelength
is chosen to be 2µm for LIGO Voyager in order to take advantage of lower
absorption of amorphous silicon coating. The requirement on the absorption
in the coatings is at most 1 ppm. The absorption coefficient of water molecule
is, however, larger than that of at the wavelength of 1.5µm. Furthermore, the
arm cavity power is much larger than the case of ET, 3 MW. Therefore, the
heat absorption when the CML is formed on the silicon mirror can become a
serious heat source which prevents the operation at cryogenic temperature of
123 K.

Fig. 3.6 shows estimated optical loss by scattering and absorption for LIGO
Voyager. Assuming the uniform molecular injection onto the mirror surface,
the impact of scattering can be negligible as long as the thickness of the CML
is below 1µm in the same manner as the case of KAGRA and ET. On the
other hand, the loss due to the absorption is much larger than the scattering
and can be harmful for cryogenic operation.
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Figure 3.5: Scattering and absorption loss for the case of ET. The assumed
wavelength is λ = 1550 nm. Red solid line, yellow dashed line, green dashdot
line and blue dotted line represent the absorption and scattering with the
correlation length of ξ = σ〈t〉, σ〈t〉/10 and σ〈t〉/100, respectively.

3.5 Performance of GWD

Optical loss induced by CMLs can reduce the optical performance of GWDs
such as PRG. In the same manner as the previous study [16], here we estimate
the impact on of CML PRG for future GWDs using Eq 3.15. More detailed
calculations can be found in the references [58, 59]. We will derive the tolerable
CML thickness to keep the degradation of PRG up less than 10%.

First, we revisit the PRG of KAGRA which is estimated in the previous
study [58]. In the same manner as the previous study, we assume that the
start time and the formation speed of CMLs are the same for both ITM and
ETM. Also, we take changes in the refectivities of the test masses due to
the CML formation into account as the previous study did [58]. Fig. 3.7
shows how the PRG of KAGRA changes with the CML thickness. Here we
assumed that the refractive index of CML as nCML = 1.26 and the absorption
coefficient as αCML = 2.2 × 10−2 ppm/nm. The oscillation is induced by the
change in reflectivities of test masses due to the CML formation. Especially,
the reflctivities of arm cavities oscillate, which leads to the oscillation in the
PRG of KAGRA. As the CML becomes thicker, the PRG decreases due to the
optical loss of CML. The tolerable CML thickness can be as thick as 750 nm.
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Figure 3.6: Scattering and absorption loss for the case of LIGO Voyager. The
assumed wavelength is λ = 2000 nm. In the same manner as the case of ET, red
solid line, yellow dashed line, green dashdot line and blue dotted line represent
the absorption and scattering with the correlation length of ξ = σ〈t〉, σ〈t〉/10
and σ〈t〉/100, respectively.

Fig. 3.8 shows how the PRGs of the ET and LIGO Voyager change due to
the CML formation, respectively. We assumed the refractive indices of CMLs
of the ET and LIGO Voyager as nCML,ET = 1.19 and nCML,Voyager = 1.28, re-
spectively. Also the assumed absorption coefficients are listed in Table 3.2. For
the case of the ET and LIGO Voyager, PRGs decrease monotonically without
oscillation. This is because the optical loss of CML is much larger than that of
KAGRA and PRGs deteriorate before starting oscillation. The tolerable CML
thickness is much smaller than that of KAGRA. For the case of the ET, the
tolerable CML thickness is about 60 nm. Moreover, the tolerance of LIGO Voy-
ager is thinner than the ET and it is about 25 nm. These values are about one
order of magnitude smaller compared to 750 nm which is the tolerable CML
thickness of KAGRA. Therefore, the performance of future cryogenic GWDs
can be easily deteriorated due to the CML formation compared to KAGRA.
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Figure 3.7: Power recycling gain of KAGRA against the thickness of CML.

3.6 Implications to Heat Input

Not only the degradation of PRG, but also the heat absorption by CMLs can
prevent a cryogenic operation due to the additional heat load to test masses.
For the case of KAGRA, as the intra-cavity power becomes about 370 kW,
absorption at ppm level exceeds the capacity of heat extraction and leads
to increase in the test mass temperature. In other words, a few tens of nm
thickness CML can increase the temperature of test mass. Here we focus on
a thin thickness range to estimate the heat absorption in which the power
reflectance of the CML, finesse of arm cavity and power recycling gain can
be considered to be constant. Therefore, the absorbed power by the CML is
proportional to the thickness of CML, ACML ∝ αCMLdCML.

Fig. 3.9 shows the heat absorption of the input test mass (ITM) and end test
mass (ETM) of KAGRA. In this calculation, the absorption in the substrate
and radiation from the beam ducts are taken into account. Once the thickness
becomes larger than about 10 nm, the heat input to ITM exceeds the tolerable
value, 0.72 W, and the temperature of test mass cannot reach the target value.
Therefore, the thickness of CML should be kept less than about 10 nm in order
to maintain the temperature of test mass. For ETM, the heat input is smaller
as long as the thickness of CML is smaller than about 30 nm.
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Figure 3.8: Power recycling gain of the ET against the thickness of CML.

Fig. 3.10 shows the heat absorption of the ITM and ETM of ET. Once
the thickness becomes larger than a few nm, the heat input to the test masses
exceeds the tolerable value, 100 mW, and the temperature of test mass cannot
reach the target value. Therefore, the thickness of CML should be kept less
than 1 nm in order to maintain the temperature of the test masses.

Fig. 3.11 shows the heat absorption of the ITM and ETM of LIGO Voyager.
The heat load generated by the optical absorption is extremely large as the
injected laser power is much larger than that of ET. Even if the thickness
is less than 1 nm, the heat load is still more than 10 W for both the ITM
and ETM cases. This indicates that the test mass cannot be cooled down to
123 K. Thus, not only the optical performance degradation, but also the heat
absorption due to the CML may become a critical problem.

It should be noted that the heat input to a test mass becomes larger even at
a thickness which can be tolerable from the view point of optical performance.
For the case of the ET and LIGO Voyager, about 4 W and 1.7 kW heat should
be extracted from test masses to keep the degradation of PRG less than 10%,
respectively as shown in Fig. 3.12. However, it is practically almost impossible
to achieve such large cooling capacity by each cooling method. In order to ex-
tract 4 W heat from the 10 K mirror by conductive cooling, the mirror needs to
be connected close to cold head of cryocoolers with much thicker fibers, which
can increase the suspension thermal noise and vibration contamination. Also,
maximum extractable heat from the 123 K mirror by radiation is estimated as

Prad = σT 4S ≈ 14 W, (3.25)

where σ = 5.67×10−8 W/m2/K4 is the Stefan-Boltzmann constant, T = 123 K
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Figure 3.9: Heat input for the case of KAGRA. Red solid line and black solid
line represent the heat input of the input test mass (ITM) and the end test
mass (ETM), respectively. Yellow dashed line shows the contribution by the
CML. Blue dotted line and green dashdot line are absorption by the ITM
substrate and radiation from the beam duct, respectively.
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Figure 3.10: Heat input to each test mass mirror in the ET induced by the
optical absorption of CML. As a result of strong absorption of amorphous ice,
the heat load to test mass exceeds 100 mW even when the CML thickness is
only a few nm. It should be noted that the radiation from the beam ducts is
not taken into account for the case of ET.
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Figure 3.11: Heat input to each test mass mirror in LIGO Voyager induced by
the optical absorption of CML. It should be noted that the radiation from the
beam ducts is not taken into account for the case of LIGO Voyager.

is the temperature of the mirror, and S is the surface area of the mirror. Here
we assumed the radius of the mirror to be 22.5 cm and the thickness of the
mirror to be 55 cm [35].

3.7 Summary of this chapter

• Cryogenic mirrors in GWDs can introduce the CML on their surfaces
due to the adsorption of residual gas molecules.

• The CML can become a problem not only for KAGRA, but also for the
future GWDs such as the ET or LIGO Voyager. However, its impacts
on the future GWDs have not been studied nor taken into account.

• The CML induces additional optical losses which can degrade the detec-
tor’s performance and hence less number of detection of GW events.

• As the ET and LIGO Voyager are planning to employ longer wavelength
lasers, the optical absorption by CML can become crucial due to the
large absorption coefficient of amorphous ice.
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Figure 3.12: Heat input to test masses for the case of the ET and LIGO
Voyager.

• We have estimated the tolerable CML thickness from the view point of
optical performance of GWDs. The tolerable thickness of future GWD
is 2 order of magnitudes smaller than that of KAGRA.

• The heat input induced by CMLs can exceed the cooling capacity of
the ET and LIGO Voyager due to the large absorption coefficient of
amorphous ice.
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Chapter 4

Development of Cryogenic
Folded Cavity

The optical loss induced by the CML can spoil the sensitivity or even operation
of cryoegenic GWDs, hence, the detection of GWs can be hindered. In order
to mitigate or solve this problem, study about the CML is necessary. So
far, there has not been any studies about the impact of CML on GWDs at
longer wavelength than 1064 nm though the future GWDs will presumably
employ longer wavelength laser. For the case of the ET, 1550 nm wavelength
laser will be used for lower-frequency part with 10 K test mass mirrors. In
order to explore the feasibility of future GWDs, i.e., longer wavelength laser
interferometric GWDs, the experiment conducted at the same wavelength is
indispensable.

In this chapter, we explain about the setup of the measurement system
which we have developed. First, we revisit the features of an optical cavity.
Then, we describe the experimental setup including the folded cavity. In addi-
tion, the cryogenic system is a unique feature in this experiment and it takes
important roles to develop future cryogenic gravitational-wave detectors. The
cryogenic system is described briefly in the following subsection.

4.1 Optical Cavity

Optical cavities are widely used in precision measurements such as gravitational-
wave detection or optical lattice clock [20, 75]. The optical cavity is a device
formed by two or more partial reflectors to store or reject photons in the cav-
ity. In particular, those formed by two mirrors facing each other is known
as the Fabry-Perot (FP) cavity. In this section, we describe the fundamental
properties of the optical cavity [76].
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Figure 4.1: Schematic picture of FP cavity.

4.1.1 Static Response

Assuming that the cavity is under a static condition where there are no rapid
variations neither in the fields nor the cavity length, a set of the fields associ-
ated with the cavity can be written as

Ecav = t1Ein + r1r2Ecave
−2ikL, (4.1)

Er = −r1Ein +
t1
r1

(Ecav − t1Ein) , (4.2)

Et = t2Ecav, (4.3)

where Ein, Ecav, Er, and Et are incident, intra-cavity, reflected, and trans-
mitted fields, respectively. rj and tj are the amplitude refrectivity and trans-
missivity of j-th mirrors where j = 1, 2, and k and L are the wave number
and cavity length, respectively. From Eq. 4.1, the intra-cavity field can be
expressed as

Ecav =
t1

1− r1r2e−2ikL
Ein. (4.4)

Thus the intra-cavity power Pcav can be expressed as

Pcav ≡ |Ecav|2 =
t21

|1− r1r2e−2ikL|2
|Ein|2 . (4.5)
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This represents the amount of the laser power stored inside the cavity. Fig. 4.2
shows the intra-cavity power as a function of the round trip phase which is
defined as

φrtp ≡ 2kL =
4πL

λ
, (4.6)

where λ is the laser wavelength. The FP cavity is on resonance when the round
trip phase satisfies the following condition,

φrtp = 2πn, (4.7)

where n is an arbitrary integer. When the cavity is on resonance, the intra-
cavity power becomes the maximum. The resonant condition can also be
expressed as,

2πn =
4πνL

c
, (4.8)

where n is an arbitrary integer, and ν, L and c are the laser frequency, the
cavity length and the speed of light, respectively. Taking the derivation of
both sides in the equation above, one can find

∆ν

ν
= −∆L

L
. (4.9)

Thus, the length variations, ∆L, are linearly imprinted onto the laser frequency
fluctuations, ∆ν, as long as the cavity is on resonance through the frequency
locked loop.

4.1.2 Characteristic Quantities

In this subsection, we briefly introduce a number of important quantities which
characterize an optical cavity.

Free Spectral Range

Free Spectral Range (FSR) is a measure of the separation between the neigh-
boring resonances in terms of the laser frequency which is defined by

fFSR =
c

2L
. (4.10)
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Figure 4.2: The intra-cavity power.

Finesse and Linewidth

The finesse F denotes the sharpness of the resonances which can be a merit
of optical cavities. It can be approximated as

F ≡ fFSR

fFWHM

=
π
√
r1r2

1− r1r2

. (4.11)

Once the fincesse is determined, one can compute the corresponding linewidth
in terms of the full width at half maximum (FWHM) by

fFWHM =
fFSR

F
. (4.12)

Here fFWHM represents the linewidth with respect to the laser frequency.

Storage Time and Cavity Pole

The storage time τs denotes the mean duration for a photon to stay in the
cavity. It is expressed as

τs =
2L

c

1

ln(r1r2)
≈ 2L

πc
F . (4.13)
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Figure 4.3: Schematic picture of the PDH locking. The beat note between the
promptly reflected sidebands and the leakage of carrier is detected by RFPD.
The obtained signal is demodulated by using a mixer and then the error signal
can be extracted by the low-pass filter.

The last approximation is valid as long as r1r2 ∼ 1.
The cavity pole fc represents the frequency above of which an induced

variation in the intra-cavity field cancels. The cavity pole essentially originates
from the fact that a cavity has a finite storage time. It is related with the
storage time as the following form,

fc =
1

2πτs

. (4.14)

4.2 Locking Scheme

In order to maintain the resonant condition, the active feedback control is
indispensable to stabilize the lase frequency of cavity length. Here we stabilize
the laser frequency to keep resonant condition by using the Pound-Drever-Hall
(PDH) locking scheme [77]. In this subsection, the principle of the (PDH)
scheme is described.

For the PDH locking, an electro-optic modulator (EOM) is usually em-
ployed to modulate the phase. The phase modulated input laser field can be
expressed as,

Ein = E0 exp [i(ω0t+ Γ sinωmt)] , (4.15)
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where Γ is the modulation depth which represents the amount of the phase
modulation. By using the Jacobi-Angar expansion, one can obtain

Ein = E0e
iω0t

∞∑
k=−∞

Jk(Γ)eikωmt, (4.16)

where Jk(Γ) is the Bessel function of the first kind. One can see that a
monochromatic phase modulation split the injected field into multiple com-
ponents. The field with k = 0 is called a carrier, and the other fields k 6= 0 are
called sidebands.

Assuming the modulation depth is small such that one can ignore the higher
order of sidebands, the incident field is expressed as a sum of three fields,

Ein = E0

[
J0 (Γ) eiω0t + J1 (Γ) ei(ω0+ωm)t − J1 (Γ) ei(ω0−ωm)t

]
. (4.17)

Here we use the fact that −J1 = J−1. When the incident field is coupled to
the optical cavity, the reflected field can be expressed as

Er = E0e
iω0t
[
J0((Γ)r(0) + J1(Γ)r(ωm)eiωmt − J1(Γ)r(−ωm)e−iωmt

]
, (4.18)

where r(ωm) represents the amplitude reflectivity of the cavity at angular fre-
quency of ω0 + ω. Then the reflected beam power is calculated as

Pr (t) =
∣∣r (δω) J0 (Γ) + J1 (Γ)

[
r+ (δω) eiωmt − r− (δω) e−iωmt

]∣∣2 Pin, (4.19)

where Pin is the input beam power. Here we define a reflectivity r±(δω) as

r±(δω) ≡ r(δω ± ωm), (4.20)

where δω is an angular frequency difference between the carrier and the reso-
nant frequency. An error signal can be extracted by demodulating the obtained
signal as

ε

Pin

=
4J0 (Γ) J1 (Γ)F

πνFWHM

δω. (4.21)

Thus one can derive the error signal which is proportional to δω by using the
PDH scheme. Fig. 4.3 shows the schematic picture of the PDH locking.

Fig. 4.4 shows the PDH signal. The linear range of a typical PDH signal
is narrow as indicated in the figure. In order to keep the resonance condition,
the feedback control is necessary.
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Figure 4.4: The typical PDH signal.

4.3 Folded Cavity

A folded cavity, consisting of input and output mirrors and one folding mirror,
is employed in this experiment. Fig. 4.5 shows the schematic of the fold-
ing cavity. Though a typical FP cavity involved measurement sets the upper
limit on the reflectivity of mirror, a folded setup enables us to measure the
performance of high reflective coatings, resulting in tiny transmitted beam.
Furthermore, one can conduct measurement to various coating materials just
by changing only one folding mirror, which reduces the cost for the develop-
ment of coatings. Therefore, the folded cavity is a notable method to measure
and compare coating performance, and develop high-end coatings.

In our measurement system, the folded cavity is installed inside a cryostat
chamber in order to cool down the cavity. Details of the set up is describe in
the following sections.
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Figure 4.5: Schematic picture of the folded cavity. The folded cavity consists
of three mirrors — input and output mirrors, and one apex mirror which fold
the beam axis.

4.3.1 Static Response

First, we describe the static response of the folded cavity.

Ecav = t1Ein + r1r2r
2Ecave

−2ik(L1+L2), (4.22)

Er = −r1Ein +
t1
r1

(Ecav − t1Ein) , (4.23)

Et = t2Ecav, (4.24)

where r2
i = Ri (t

2
i = Ti) (i = 1, 2) are the reflectivity (or transmittivity)

of the input and output mirrors, respectively, and r2 = R and t2 = T are
the reflectivity and transmittivity of the folding mirror. From Eq. 4.22, the
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intra-cavity field can be expressed as

Ecav =
t1

1− r1r2e−2ikL
Ein. (4.25)

Hence, the intra-cavity power of the folded cavity is expressed as

Pcav =
t21

|1− r1r2r2e−2ik(L1+L2)|2
Pin. (4.26)

Then, transmitted power can be written as

Ptrans =
t21

|1− r1r2r2e−2ik(L1+L2)|2
Pin (4.27)

With the active control loops, they satisfy the resonance condition,

2πn =
4πν(L1 + L2)

c
, (4.28)

where n is an arbitrary integer, and ν, L and c are the laser frequency, the
cavity length and the speed of light, respectively.

In the same manner as the FP cavity, one can define the free spectral range
(FSR) and finesse as

fFSR =
c

2(L1 + L2)
, (4.29)

F =
π
√
r1r2

1− r1r2r2
. (4.30)

4.3.2 Input and Output Mirrors

Fused silica mirrors are used for the input and output mirrors. Both of them are
half inch diameter size, and the radius of curvature is 50 mm. The reflectance
of these fused silica mirrors was chosen to R = 0.9998 in order to set the cavity
finesse as F ≈ 15000. These mirrors are attached to the mirror holders by
gluing.

Initially, we planned to install silicon mirrors for both the input and output
mirrors. However, the silicon mirrors we planned to use turned out not to
satisfy the requirement, and was almost impossible to compose an optical
cavity due to the large optical loss. This drove us to make new mirrors, but
due to the limited budget we decided to use fused silica.
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Figure 4.6: Picture of fused silica and silicon mirrors.

4.3.3 Folding Mirror

The geometry of the cavity is folded by a mirror, which is located at the
apex of the cavity spacer. The size of the folding mirror is also half inch in
diameter and its substrate is made of silicon which is the candidate material for
future GWDs. The temperature sensor, DT-670, manufactured by Lake Shore
Cryotronics Inc. is attached on the mirror holder of the folding mirror by using
the indium sheet. We regard this measured temperature as the temperature of
the folding mirror. The sensor has high stability for cryogenic operation [78].
Typical SiO2/Ta2O5 coating, which are also employed in KAGRA test masses,
is applied on the surface. The total pairs of coating layers are N = 20 in order
to achieve the high reflectivity at 1550 nm.

4.3.4 Geometrical Parameters

Here we introduce geometrical parameters of the folded cavity. Fused silica
mirrors with the radius of curvature of R = 50 mm are employed as the input
and output mirrors. The cavity length L = L1 + L2 is chosen as L1 = L2 =
41 mm, hence 82 mm. Some parameters which characterize the folded cavity
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Table 4.1: The parameters of the folded cavity. The reflectivities of mirrors
are the value from their spec sheets.

Parameters Value
Designed finesse ∼ 1.5× 104

Cavity length L1 = 41 mm
L2 = 41 mm

L = L1 + L2 = 82 mm
Free spectral range 1.83 GHz
Beam size on the input/output mirror 230µm
Beam size on the folding mirror 97µm
Radius of curvature 50 mm
R1 = r2

1, r
2
2 0.9998± 0.0001

T1 = t21, t
2
2 ∼ 0.00017

R = r2 0.999998
Folding angle 15 deg

can be calculated as bellow[76].

w0 =

√√√√Lλ

π

√
1 + g

4(1− g)
, (4.31)

fFSR =
c

2L
, (4.32)

fTMS =
c

πL

arccos(g2)

π
, (4.33)

where g = 1− L/R is a g-factor of the cavity and λ = 1550 nm is wavelength
of the laser beam. When the cavity length L = 82mm, the optical parameters
are calculated as below.

w0 = 97µm, (4.34)

fFSR = 1.83 GHz, (4.35)

fTMS = 1.34 GHz. (4.36)

Here fTMS denotes the frequency separation between two neighbouring spatial
modes. The beam spot size on the mirror becomes wm = 230µm. Related
parameters are listed in Tab. 4.1.
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Figure 4.7: The overview of the experimental setup. The AOM is used for
interrupting the laser injection to the cavity, and 1st diffracted beam is used
for injection. The reflected beam for PDH locking is extracted by the Faraday
isolator. The laser is locked to the cavity by feeding back the error signal to
the laser through its current tuning. The output from the folded cavity is
picked off by the mirror and detected by a PD.

4.4 Optical Layout

Fig. 4.7 shows the optical layout. The laser is phase-modulated by an EOM
and the reflcted beam is picked-off by a Faraday-isolator which is used for PDH
locking. The obtained error signal is filtered by a servo, and then fed back to
the laser frequency through current tuning.

An AOM is used as a switch to turn off the injection of the laser beam into
the cavity. Here, the first-order diffracted beam is injected to the cavity. By
interrupting the AOM drive, the cavity input light could be extinguished on
a timescale of ∼ 10 ns which is much smaller than the timescale of the cavity
response. The PD also has enough fast response to detect the transition of
the transmitted beam. Therefore, their influences are enough small for the
ringdown measurement.

4.5 Spacer

Three mirrors which form the folded cavity are attached to the spacer made
of an invar. The invar IC-DX employed here can be used even at 4 K cryo-
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Figure 4.8: 3D CAD of exploded view of the folded cavity. The color of each
component is displayed just for distinguishing the parts. The input and output
mirror is glued on the mirror holders

genic temperature where typical invars show martensitic transformation, and
is suited to this application.

The main purpose to use the spacer is to mitigate the misalignment caused
by cooling process. Usual mirror holders show temperature drift in their align-
ment which can ruin the axis of optical cavity. Especially, the folded cavity
used in this measurement is near concentric, and require strict alignment.
Therefore, one have to reduce the thermal drift of three mirrors as much as
possible. The invar used here has small enough thermal expansion coefficient
down to 4 K to maintain the initial alignment, and this is why we employed the
invar-made spacer. Also the use of the invar has additional advantages that
one can save the cost to develop the optical cavity compared to the silicon or
fused silica substrate spacer, and that one can replace the folding mirror much
easier compared to the optical contact. These features drive the development
of the coatings efficiently.

Fig. 4.8 shows the assembled folded cavity.

4.6 Vacuum and Cryogenic System

A cryostat is used for housing the cavity. As shown in Fig. 4.9, the cryostat
chamber has three shields — 300 K shield, 80 K shield, and 4 K shield. Two
of them except for the outermost shield (300 K shield) are covered by super
insulator (SI) for efficient shielding of thermal radiations.
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Figure 4.9: Schematic of cross section of cryostat. Two shields are installed
inside the cryostat chamber at temperature of 80 K and 4 K, respectively. The
chamber is pumped down by using a scroll pump and turbo pump. The beam
is injected through the view port where AR windows are attached.

The cryostat has two types of pumps for vacuum. One is a scroll pump
which is used for initial pumping down to about 10 Pa. The other is a turbo
pump which achieves high vacuum environment. The vacuum pressure in the
chamber can reach 6×10−4 Pa by using the turbo pump at room temperature.

The viewport window has AR coating at the wavelength of 1550 nm in
order to reduce the power loss. The power loss at this viewport is measured
to be ∼ 0.1%.

A pulse tube cryo-cooler is used for cooling down the cavity. A cooling bar
is connected to the table in the chamber, and it cool down the system. The
folded cavity is installed on the table in the cryostat chamber with aluminum
pedestal which extracts heat from the cavity.

The pressure inside the chamber decreases due to the cryopumping effect.
After reaching about 8 K, the pressure of room temperature part, i.e., between
the room temperature and the 80 K shields, becomes ∼ 2× 10−5 Pa.
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Table 4.2: The parameters of the laser source.

Parameters Value
Wavelength 1550 nm
Power 20 mW
linewidth ≤ 5 kHz

Figure 4.10: Picture of the laser source. A butterfly-packaged PW-ECL, cur-
rent drivers, a frequency tuning terminal and a digital control interface are
housed in the module.

4.7 Laser Source

We employed here a commercial laser module (named ORION), built by RIO.
The module houses a butterfly-packaged PW-ECL, current drivers, a frequency
tuning terminal and a digital control interface. This laser has low frequency
noise, intensity noise and high stability for precision measurements with low
cost [79]. Basic specifications of the laser are listed in Table 4.2, and Fig. 4.10
shows the appearance of the laser source.
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Figure 4.11: A transient response of an optical cavity. We assumed F ≈
1.5×104 with cavity length of L = 10 cm. Black dotted line represents the input
beam power which is interrupted at t = 0. The blue line is the transmitted
beam power which decays exponentially.

4.8 Finesse Measurement Methods

In this section, we describe the ringdown method to measure the finesse of the
cavity. In this method, we employ the AOM to turn off the input laser. By
interrupting the driver to the AOM, one can cut the input beam and cause the
power stored in the cavity to decay, resulting in transient of the transmitted
beam as shown in Fig. 4.11. By measuring the decay time of transmitted
beam, one can calculate the finesse of the cavity.

The incident field with intensity modulation is expressed as

Ein = E0e
iω0t(1 + ξeiωmt + ξe−iωmt), (4.37)

where ξ and ωm are the modulation depth and modulation angular frequency,
respectively.
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We consider the response of the folded optical cavity, assuming that the
laser with ω0 + ωm angular frequency is injected to the cavity. One can define
the transfer function of the cavity as

C ≡ Et

Ein

. (4.38)

This can be expressed as

C =
t21e
−iLωm/c

1− r2
1r

2e−2iLωm/c
. (4.39)

Here we assumed that the cavity is kept on resonance to the carrier, which has
the angular frequency of ω0. Then the gain of the transfer function becomes

|C| = g√
1 + (τsωm)2

, (4.40)

where g = t21/(1 − r2
1r

2) is the gain factor of the cavity. Eq. 4.40 represents
the response of the optical cavity to the intensity modulation, and it works as
the 1st order low-pass filter with time constant of τs. From Eq. 4.40, one can
derive the step response of the optical cavity as

L−1

[
1

s

a0

1 + τss

]
= a0[1− exp(−2t/τs)]. (4.41)

We consider the transient response of the transmitted beam to the modu-
lated input beam, especially for the case of a step function. The input field is
expressed as

Ein(t) =

{
E0e

iω0t t < 0,

(E0 − ξ)eiω0t 0 ≤ t.
(4.42)

The transmitted field becomes

Et(t) =

{
gE0e

iω0t t < 0,

g {E0 − ξ[1− exp(−t/τs)]} eiω0t 0 ≤ t,
(4.43)

Thus the transient of transmitted laser power can be expressed as

Pt = GPin exp(−2t/τs). (4.44)

Therefore, the transmitted beam decays with time as expressed as Eq. 4.44
when the input beam is interrupted by the AOM.
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4.9 Cavity Enhanced Ellipsometry

(P-S Splitting)

As the impinging beam on the folding mirror has a given incident angle,
there is a difference in resonance frequency between the P-polarization and
S-polarization. We call such a frequency difference a P-S splitting in this the-
sis. This frequency shift carries information of coatings on the folding mirror
and can characterize the coating properties.

In this section, we describe the principle of the P-S splitting measurement.
This measurement can be regarded as a type of cavity enhanced ellipsometry.

4.9.1 Characteristic Matrix

A characteristic matrix is a useful tool to calculate the reflectance or transmit-
tance of a multilayer coating thin films [80]. Here we consider the case such
that the total number of layer is N . For the case of i-th layer’s material with
a complex refractive index Ni and mechanical thickness di, the characteristic
matrix is expressed as

Mi =

(
cos δi i sin δi/ηi
iηi sin δi cos δi

)
, (4.45)

where δi = 2πNidi/λ is an optical phase shift induced in i-th layer, and ηi is
the effective refractive index of i-th layer which has polarization dependence
described as

ηi,S = Ni cos θi, (4.46)

ηi,P =
Ni

cos θi
. (4.47)

Here cos θi is expressed as

cos θi =
{

1− (n0/ni)
2 sin2 θ0

}1/2
, (4.48)

where θ0 is the angle of incidence. The total matrix Mtot and its elements mij

are defined as

Mcoating = M1M2 · · ·MN

=
N∏
i=1

Mi =

(
m11 im12

im21 m22

)
, (4.49)
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where mij are the elements of the matrix. Two coefficients B and C are
calculated as (

B
C

)
=

(
m11 im12

im21 m22

)(
1
ηm

)
, (4.50)

where ηm is the effective refractive index of the substrate material written as

ηm,S = Nm cos θi, (4.51)

ηm,P =
Nm

cos θi
, (4.52)

where Nm is the refractive index of the substrate material. Eq. 4.50 gives the
Fresnel coefficient of the coatings as

ρ =
n0B − C
n0B + C

, (4.53)

where n0 is the refractive index of vacuum. Thus, one can calculate the re-
flectance of the coatings by using R = |ρ|2.

Not only the reflectance, but also the phase shift induced by the coatings
can be calculated from the characteristic matrix. The phase of the reflected
light can be computed by

∆φS,P = arctan

(
2η0(η2

mm12m22 −m11m21)

η2
0m

2
11 − η2

mm
2
22 + η2

0η
2
mm

2
12 −m2

21

)
S,P

, (4.54)

where subscript S and P represent the polarization. As the phase is slightly
different between the two polarization, we can define the phase difference as

∆φ ≡ ∆φS −∆φP. (4.55)

When the angle of incidence is 0 deg, η is same for both polarization. There-
fore, the phase difference does not exist as long as the beam is injected verti-
cally.

When a CML is formed on a mirror surface, the characteristic matrix of
the mirror is modified as

Mmod = MCMLMcoating, (4.56)

where MCML is the characteristic matrix of CML. The elements of MCML are
defined in the same manner as Eq. 4.45. CML formation on a mirror surface
changes the characteristic matrix, hence the phase difference ∆φ.
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Figure 4.12: Equivalent block diagram of folded cavity to explain the phase
shift between P- and S-polarization. Each plant represents the propagator,
transmission or reflection matrix.

4.9.2 Frequency Shift

We derive the frequency shift induced by the phase shift in the folding mirror.
Here, we calculate the field using an equivalent block diagram shown in Fig.
4.12 [81, 82].

First, we define the vector which denotes the field as

~Ej =

(
Ej,S
Ej,P

)
, (4.57)

where j represents the location of the fields, in, cav, or trans. Propagator,
transmission, and reflection matrices are defined as

P̂Li =

(
e−ikLi 0

0 e−ikLi

)
, (4.58)

t̂i =

(
ti 0
0 ti

)
, (4.59)

r̂i =

(
ri 0
0 ri

)
, (4.60)

r̂ =

(
r 0
0 re−i∆φ

)
, (4.61)

where i = 1, 2. It should be noted that the phase shift is introduced in the
reflection matrix of folding mirror as e−i∆φ.

From Fig. 4.12, the intra-cavity field is written as

~Ecav = t1

(
I − r2

1r
2P̂rtp

)−1
~Ein, (4.62)
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where I is the identity matrix and P̂rtp represents the round trip propagator.
Solving Eq. 4.62, one can obtain

~Ecav = t1diag
(
1− r2

1r
2e−iΦrtp , 1− r2

1r
2e−i(Φrtp+2∆φ)

)
~Ein, (4.63)

where Φrtp is the round trip phase shift. Using ~Ecav, the transmitted field can
be expressed as

~Etrans = t̂2P̂L2 r̂P̂L1
~Ecav, (4.64)

= t2rdiag
(
e−iΦrtp/2, e−i(Φrtp/2+∆φ)

)
~Ecav. (4.65)

The matrices introduced here are diagonalized, and one can obtain the field by
simple math. Computing each element, the transmitted field can be written
as

Etrans,S =
t21re

−iΦrtp/2

1− r2
1r

2e−iΦrtp
Ein,S, (4.66)

Etrans,S =
t21re

−i(Φrtp/2+∆φ)

1− r2
1r

2e−i(Φrtp+2∆φ)
Ein,P. (4.67)

Therefore, each transmitted power normalized by the incident power is ex-
pressed as

Ptrans,S

Pin,S

=
T 2

1R

(1−R1R)2 + 4R1R sin2
(

Φrtp

2

) , (4.68)

Ptrans,P

Pin,P

=
T 2

1R

(1−R1R)2 + 4R1R sin2
(

Φrtp+2∆φ

2

) , (4.69)

These equations show that there exists a difference in resonance frequency
between S- and P-polarization.

We derive the amount of resonant frequency shift induced by ∆φ phase shift
in folding mirror. The round trip phase shift of S-polarized beam becomes

φrtp =
4πνL

c
. (4.70)

As shown in above, the resonant peak of P-polarization beam is shifted by
−2∆φ compared to that of S-polarization. We define the resonant frequency
split between P- and S-polarization as ∆ν. Then the relation between the
round trip phase shift and the resonant frequency split can be written as

φrtp − 2∆φ =
4π(ν + ∆ν)L

c
. (4.71)
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Figure 4.13: Example of the resonant frequency spit between S-polarization
(solid line) and P-polarization (dashed line) . Here we assumed ∆φ = 10 mrad
phase shift, F ∼ 1.5× 104, and L = 82 mm case.

From Eq. (4.70), one can arrive at

∆ν = − c

4πL
2∆φ = −fFSR

π
∆φ. (4.72)

Thus, the resonant frequency shift is induced by the folding mirror. The
example is shown in Fig. 4.13.

As the CML formation changes the elements of characteristic matrix of the
mirror, it also changes ∆φ. Therefore, the resonant frequency split ∆ν also
changes as the CML is formed on the mirror surface. By measuring the change
the in resonant frequency split, one can compute the CML thickness.

The amount of resonant frequency split ∆ν is determined by the FSR fFSR

and the phase shift ∆φ. The phase shift ∆φ depends on the refractive index
NCML and the angle of incidence to the folding mirror θ0. In our setup, the
folding angle γ corresponds to the angle of incidence. Thus, the resonant fre-
quency split depends on the FSR, folding angle of the cavity and the refractive
index of CML. It should be noted that the contribution of imaginary part of
NCML to the phase shift is extremely small. Assuming that the folding angle
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γ = 22.5 deg and NCML = 1.2 − 104i with 1 nm CML thickness, the imagi-
nary part of NCML generates only 10−8% difference in the frequency split ∆ν
from the case of NCML = 1.2. Therefore, we ignore the contribution from the
imaginary part of CML refractive index in the following discussion.

4.9.3 Errors in CML Thickness Measurement

In this subsection, we introduce the errors which involves in CML thickness
estimation. Firstly, resonant width of the folded cavity affects measurement
accuracy of the frequency difference between the two-peaks. Here we define
the resonant width as the FWHM of the cavity

fFWHM =
fFSR

F
. (4.73)

In our setup, the FWHM is calculated as

fFWHM =
1.84 GHz

2.0× 104
= 0.09 MHz. (4.74)

In reality, the accuracy of determining the peak frequency can be smaller than
the FWHM. However, as an upper bound, we assume that the error introduced
by the resonant width to be ±0.09 MHz in ∆ν.

Secondly, a systematic error is induced by the CML refractive index value.
In the following chapter, we assume the refractive index of CML as nCML = 1.19
which is estimated by the Lorentz-Lorenz equation 3.23. As we employ the
estimated value, there is an uncertainty in the CML refractive index, and it
introduces a systematic error. The refractive index measured in KAGRA is
1.26 at 1064 nm wavelength [58]. By taking this value into account, we set the
uncertainty in the CML refractive index to be ±0.1.

In addition, statistical error is involved in the measurement. We use a
current tuning of the laser to scan the laser frequency. For each scan, we
include not only the P- and S-resonant peaks, but also the peaks from the RF
sidebands at frequency ±29.1 MHz used to control the length of the cavity.
Because the frequency of the RF sidebands is precisely known, the frequency
scanning speed is calibrated on each scan.

However, there may be a fluctuation of the scanning speed within a single
scan. This fluctuation of the scanning speed is assumed to be random, thus
treated as a statistical error.

4.10 Summary of this chapter

• We developed a cryogenic optical cavity setup with folded configuration.
The folded cavity can be cooled down to approximately 10 K.
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• A folded cavity enables efficient measurements for characterization of
coating performance.

• Ringdown measurement provides an optical attenuation of mirrors.

• A resonant frequency shift is introduced by a folding mirror. Folded
configuration enables one to measure such frequency shift.

• By measuring a drift in resonant frequency split, one can measure the
CML thickness, which changes the frequency split depending on its thick-
ness.
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Chapter 5

Experimental Characterization
of Cryogenic Molecular Layers
Using a Folded Cavity

In this chapter, we describe the results of experimental characterization of the
CML using a cryogenic folded cavity. First, we derive the optical loss in the
input and output mirrors using the FP cavity. Then, we install the folded
cavity and measure the optical loss in the cavity. By subtracting the optical
loss of the input and output mirrors, we estimate the optical loss in the folding
mirror at room temperature. At the same time, we measure the P-S resonant
frequency split, and confirm the validity of the cavity enhanced ellipsometry.

After that, we cool down the folded cavity, and monitor how the finesse
and the resonant frequency split change induced by the CML during the cryo-
genic operation. Through these measurements at cryogenic temperature, we
estimate the optical loss generated by the CML and its thickness.

These measurements at cryogenic temperature are conducted with two dif-
ferent spacers. First measurement involves the folded cavity described in the
previous chapter. This measurement is to investigate the validity of the cavity
enhanced ellipsometry to characterize the CML. An additional measurement
is done with the modified spacer which has a slit to expose the folding mirror
to the room-temperature vacuum.
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Figure 5.1: Obtained transient response of FP cavity and fitted result. Red
and blue lines represent the measured data and fitted curve, respectively.

5.1 Optical Loss Characterization

The optical properties of a mirror satisfy the conservation of energy expressed
as

R + T + L = R + A = 1, (5.1)

where L is the optical loss, and A ≡ T + L is the attenuation which describes
the total power lost upon a single reflection. From ringdown measurements,
one can evaluate the reflectivity, hence the attenuation.

5.1.1 Finesse of Fused Silica Fabry-Perot Cavity

First, we measure the finesse of the Fabry-Perot cavity with fuese silica mirrors
which are used for the input and output mirror in the folded cavity. The
mirrors are held with vaccum compatible mirror holders and installed inside
the chamber. The cavity length is set as L = 74 mm whichis determined by
the restriction of the space.
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Table 5.1: The parameters of the folded cavity.

Parameters Value
Cavity length L1 = 41 mm

L2 = 41 mm
L = L1 + L2 = 82 mm

Free spectral range 1.84 GHz
Beam size on the input/output mirror 280µm
Beam size on the folding mirror 97µm
Radius of curvature 50 mm
Folding angle 15 deg

Fig. 5.1 shows the measured ringdown of the FP cavity. Blue line represents
the fitted curve. Here we assumed the fitting function as

f(t) = a exp(−t/τ) + b, (5.2)

where τ is the decay time of the cavity, and a and b are the parameters which
compensate the gain and dark offset of the PD. The finesse can be calculated
using Eq. 4.13. The obtained finesse is 23153 ± 49, which is higher than the
designed value of ∼ 1.5 × 104. The error corresponds to the statistical error.
Assuming the same reflectance Rsilica in each mirror, the attenuation of fused
silica mirrors, Asilica = 1−Rsilica, can be calculated as

Asilica = 135.7± 0.3 ppm, (5.3)

where

Rsilica = 0.999864.3± 0.0000003. (5.4)

The obtained reflectance is slightly higher than the designed value, resulting
in a larger finesse.

5.1.2 Optical Loss in the Folding Mirror

The optical loss in the folding mirror can be measured from the difference
in the finesse between the FP and the folded cavities. The measured finesse
of the folded cavity at room temperature is about 1.7 × 104. Therefore, the
reflectance of the folding mirror can be calculated by

Ffold =
π
√
R1

1−R1R
, (5.5)
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where R1(= Rsilica) is the reflectance of the input and output silica mirrors.
Thus the reflectance of the folding mirror can be computed using Eq. 5.5 as

R = 0.9999504± 0.0000008. (5.6)

Thus, the attenuation of the folding mirror can be estimated as Afold = 49.6±
0.8 ppm. As the designed reflectivity was larger than 0.99998, hence less than
20 ppm attenuation, the coatings on the folding mirror has larger optical loss
than the designed value.

One possible source of this optical loss is a defect in the coating. When such
a defect exists around the center of the mirror where the beam impinges, it
introduces optical losses via scattering or absorption [83]. Insufficient polishing
of mirror surface also generates optical loss. In order to identify the origin of
this optical loss, further investigations are needed.

5.1.3 P-S Splitting

We confirm the validity of the cavity enhanced ellipsometry (CEE) from the
measurement at room temperature by comparing the results with the theoret-
ical expectation.

First, we theoretically derive the P-S splitting frequency based on the char-
acteristic matrix. The deposited coating is SiO2/Ta2O5 multilayer coating, and
the number doublet is N = 20. Optical thickness of each layer is λ/4 except
for the top layer which has λ/2 thickness, called a λ/2 cap as shown in Fig. 5.2.
The refractive indices are nSiO2 = 1.44 and nTa2O5 = 2.2 at 1550 nm [31]. As-
suming these values, the phase shift between P- and S-polarization beams ∆φ
can be computed as

∆φ = −0.0068 rad. (5.7)

This value is obtained by numerical calculations using characteristic matrices
as shown in the previous chapter. Therefore, from Eq. 4.72 the frequency split
becomes as

∆νP,S = 3.95 MHz. (5.8)

Then, we derive the experimental result of the P-S resonant frequency split.
First, we calculate the laser frequency scan efficiency through the current tun-
ing. We inject phase modulated beam into the cavity at 29.1 MHz where laser
frequency is scanned with 3 Vpp at 300 Hz triangle wave. As the frequencies
of sidebands are shifted by 29.1 MHz, one can derive the scanning efficiency
by measuring the shift between the carrier and sidebands. The split time of
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Figure 5.2: An example of dielectric multilayer coatings deposited on a silicon
substrate. SiO2 and Ta2O5 layers are deposited alternately with optical thick-
ness of λ/4 except for the top layer. The top layer has λ/2 optical thickness
which is called λ/2 cap.

the carrier and the sideband is measured as 450 ± 2µs. Thus, the scanning
efficiency is calculated as 35.9± 0.2 MHz.

Then, we measure the P-S splitting in the same manner. The measured
time difference between P- and S-polarizations are ∆ = 61.2 ± 0.4µs with
3 Vpp at 300 Hz triangle wave scan. As the laser frequency scanning efficiency
is 35.9± 0.2 MHz, the split frequency can be calculated as

∆ν = (35.9± 0.2) MHz/V × 3 V × 300 Hz× 2× (61.2± 0.4)µs, (5.9)

= 3.96± 0.03 MHz. (5.10)

This value is consistent with the theoretical value, 3.95 MHz. Therefore, the
P-S splitting measurement using the folded cavity can be considered to be
valid for characterization of coatings. Combining the ringdown measurement,
this device can facilitate the development of low absorption and high reflective
coatings for the future GWDs.
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Figure 5.3: The temperature stability during the ringdown measurement.
Blue, and red lines represent the temperature of the mirror, and bread board,
respectively.

5.2 Optical Loss at Cryogenic Temperature

In order to estimate the impacts of the CML, the finesse at cryogenic temper-
ature was measured followed by the room temperature measurement. First,
we conducted the measurements with closed environment, i.e., there were no
apertures to room temperature environment except for small through holes for
the cables. In this scheme, each mirror was exposed not to room temperature,
but to cryogenic environment. Through these measurements at cryogenic tem-
perature, we investigated the validity of the cavity enhanced ellipsometry to
estimate the thickness of the CML.

Then, we replace the spacer to the modified one, and perform another set
of measurements to characterize the CML. In this additional measurements,
the folding mirror is exposed to the room-temperature vacuum to ensure the
CML formation on its surface. The details are written in the following section.
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Figure 5.4: Schematic of formed CML on the mirror. The CML can be re-
garded as a kind of coating layer.

5.2.1 Cavity Length Change

Here we discuss the cavity length change due to the cooling down. The system
is cooled down to approximately 7 K. Generally, cooling down the material
involves shrinking, which can introduce cavity length change. Here we employ
an invar as the spacer which has low thermal expansion coefficient, and the
cavity length change is assumed to be less than 100µm.

In addition, temperature fluctuation at cryogenic temperature is within
±0.002 K as shown in Fig. 5.3. Therefore, the cavity length change is also
negligible during the measurements. Hence the impacts on the finesse mea-
surement due to the cavity length change can be negligible.

5.2.2 Reflectance of the Mirror

Here we discuss how the reflectance of mirror changes due to the molecular
layer formation on the top of the coating as shown in Fig. 5.4. Formed CML
can be regarded as a coating layer which changes the reflectance of the mirror.
The CML, which grows over time, changes the reflectance of the mirror, and
the reflectance is calculated using a characteristic matrix [58]. Fig. 5.5 shows
the calculated result of the reflectance. When the thickness is comparable
to the wavelength, the reflectance oscillates due to the interference of the
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Figure 5.5: How the reflectivity of the mirror changes due to the CML growth.
The reflectance can be considered as constant where the thickness of the CML
is much thinner than the wavelength. When the thickness of CML becomes
comparable to λ/4, it starts oscillation due to the interference.

reflected field. As long as the thickness is much thinner than the wavelength,
the interference can be negligible. Therefore, we assume that the change in
reflectance is caused by the optical loss of CML.

5.2.3 Optical Loss Measurements

We monitored the finesse trend for 15 days in order to investigate the opti-
cal loss growth rate induced by the CML. To obtain the statistical errors, we
performed the ringdown measurements 5 times and calculated the standard de-
viation. Fig. 5.6 shows the obtained data. Finesse of the cavity monotonically
decreased during the cryogenic condition, and recovered after temperature ris-
ing. Therefore, it is natural to consider that the optical loss inside the cavity
grew with time due to the continuous CML formation.

As discussed in the previous subsection, we assume that the reflectance
change is caused by the CML formation as

R′ = 1− T − L = R− L, (5.11)
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Figure 5.6: The obtained decay time by the ringdown measurement. The
finesse was monitored for 15 days at temperature of 7 K. The finesse decreased
with time, and recovered after increasing the temperature.

where T is the transmittance and L denotes the optical loss induced by the
CML. Therefore, the contaminated amplitude reflectivity is written as

r′ =
√
R− L. (5.12)

Consequently, the finesse of the folded cavity with additional optical loss can
be expressed as

F =
π
√
r′21

1− r′21r′2
=

π
√
R1 − L

1− (R1 − L)(R− L)
. (5.13)

By monitoring the finesse, one can estimate how the optical loss grows.
In order to estimate the optical loss growth rate, we use the fitting function

expressed as

F (t) =
π
√

(R1 − L̃t− A0)

1− (R1 − L̃t− A0)(R− L̃t− A0)
, (5.14)
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Figure 5.7: The obtained decay time by the ringdown measurement and fitted
curve, blue dots and red line, respectively.

where L̃ is the optical loss growth rate and A0 is the initial optical attenuation
which contributes to the slight finesse drop at the beginning of the measure-
ment at cryogenic temperature, and t is the time from the cavity reached 7 K.
Here we assume that the reflectivity of each mirror is constant because the
formed CML considered to be very thin. We fitted with Eq. 5.14 using the
least squares method. Here we used the relation between the finesse and the
decay time τ expressed as

τ =
L

πc
F . (5.15)

Fig. 5.7 shows the obtained results and fitted curve. From the fitting, the
optical loss growth rate can be estimated as

L̃ = 0.13± 0.02 ppm/day, (5.16)

and the initial optical attenuation is estimated as

A0 = 1.4± 0.1 ppm. (5.17)
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Figure 5.8: How the resonant frequency split changes over the thickness of
the CML (solid line), and linearly approximated line (dashed line) when the
folding angle is γ = 15 deg.

Besides the optical loss growth rate, we estimated the thickness of the
formed CML by cavity enhanced ellipsometry. The initial P-S split is measured
as ∆ = 57.1± 0.7µs. Corresponding frequency split is calculated as

∆νint = −3.69± 0.05 MHz. (5.18)

We measured the frequency split after 15 days cryogenic operation. The fre-
quency split at the end of cryogenic operation is measured as ∆ = 55.6± 0.5,
which corresponds to

∆νfin = −3.58± 0.04 MHz. (5.19)

Here we assume that the CML is formed uniformly on each mirror with
thickness of dCML. The frequency split changes linearly where the thickness of
CML is much thinner than the wavelength as shown in Fig. 5.8. This frequency
shift can be approximated as

∆ν [MHz] = 0.26 [MHz/nm]× dCML [nm]− 3.95 [MHz]. (5.20)
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Here we assumed that the refractive index of the CML is nCML = 1.19 which
is theoretically derived by the Lorentz-Lorenz equation expressed as Eq. 3.23.
From Eqs. 5.18 to 5.20, the optical thickness of CML can be estimated as

dCML,int = 1.0± 0.2 nm, (5.21)

and

dCML,fin = 1.4± 0.2 nm. (5.22)

Therefore, the CEE has a possibility to probe very thin CML with a nanometer
level. In order to confirm the validity of this method, we performed further
measurements with a modified spacer and further considerations of uncertain-
ties.

5.3 Measurements with a Modified Spacer

In order to ensure the CML formation on the mirror, we conducted additional
measurements with a modified spacer. The modified spacer has a slit on its side
in order to expose the folding mirror to molecular flow from room temperature
environment as shown in Fig. 5.9. In this configuration, the molecular flow
from room temperature environment hits the folding mirror through the slit,
resulting in the CML formation on the folding mirror surface. In other words,
the folding mirror corresponds to the cryogenic mirror in a GWD, which is
also exposed to the room-temperature vacuum. The input and output mirrors
are surrounded by the cryogenic spacer and cover, and conductance to these
mirrors are much smaller than that of the folding mirror. Therefore, we assume
that the CML is formed only on the folding mirror in this experiment. With
this configuration, we did ringdown and P-S splitting measurements to confirm
the validity of the methods to characterize the CML.

5.3.1 Geometrical Parameters

Geometric parameters are same as the previous measurement except for the
folding angle as shown in Tab. 5.2. The modified spacer has larger folding
angle, 22.5 deg in order to expose the folding mirror to the room temperature
shield. This angle is determined by the restriction of available size of the
material and space of the slit. The setup of input and output optics is same
as the previous one. Mirrors for the folded cavity are also same — fused silica
mirrors for input and output, and a silicon mirror for the folding mirror.

Fig. 5.10 shows how the frequency split changes with the thickness of the
CML. Here, we used the refractive indices of SiO2 and Ta2O5 as nSiO2 = 1.44
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Figure 5.9: Overview of the setup of the additional measurement. The spacer
has a slit on its side in order to expose the folding mirror to the room tem-
perature environment, hence the molecular flow. Other two mirrors are not
exposed to the room temperature. This configuration enables to form the CML
only on the folding mirror as it is exposed to the molecular flow from the room
temperature vacuum.

and nTa2O5 = 2.2, respectively [31], and the number of SiO2/Ta2O5 pairs are
N = 20. When the thickness of the CML is much thinner than λ/4, the
frequency split changes linearly with respect to the thickness, and the relation
between the frequency split and the thickness of the CML is expressed as

∆ν [MHz] = 0.56 [MHz/nm]× dCML [nm]− 20.28 [MHz], (5.23)

which is shown in Fig. 5.10 as dashed line. The offset, −20.28 MHz, is in-
duced by the SiO2/Ta2O5 layers. The measurements at room temperature,
i.e., dCML = 0, are consistent with this model. The refractive index of the
CML is assumed as nCML = 1.19 in the same manner as the previous measure-
ment.
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Table 5.2: The parameters of the modified folded cavity.

Parameters Value
Cavity length L1 = 41 mm

L2 = 41 mm
L = L1 + L2 = 82 mm

Free spectral range 1.84 GHz
Beam size on the input/output mirror 280µm
Beam size on the folding mirror 97µm
Radius of curvature 50 mm
R1 = r2

1, r
2
2 0.999864

Folding angle 22.5 deg

5.3.2 Cooling of the Cavity

Fig. 5.11 shows the cooling curve of the folding mirror. It takes about 3 days
to reach to 10 K. As the folding mirror is exposed to the room temperature
vacuum, the cooling time becomes longer than the closed case. After reaching
10 K, the temperature becomes stable, and the temperature fluctuation during
each measurement is less than 0.01 K. Though the temperature fluctuation
becomes larger than that of closed case, it is still stable enough so that one
can ignore the impacts of cavity length fluctuation on the measurements.

5.3.3 Finesse and P-S Splitting Measurements

We monitored the finesse degradation and the drift of the resonant frequency
split for ∼ 10 days by the ringdown and the CEE measurements. The cav-
ity ringdown was measured with S-polarization beam. Fig. 5.12 shows the
results of these measurements. The decay time monotonically decreases dur-
ing the cryogenic operation period, and recovers after raising the temperature.
The drift in the resonant frequency split also changes over time at cryogenic
temperature, and recovers after raising temperature. Therefore, these changes
in the finesse and the resonant frequency split are considered to be induced
by the formation of the CML. The error bars represent the statistical errors
and measurement errors induced by the resonant width. To obtain the sta-
tistical errors, we performed the CEE measurements 10 times and calculated
the standard deviation. The uncertainty caused by the resonant width is as-
sumed to be ±0.09 MHz. This causes the error in the CML refractive index as
(±0.09 MHz)/(0.56 MHz/nm) = ±0.16 nm.
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Figure 5.10: How the resonant frequency split changes over the thickness of
the CML (solid line), and linearly approximated line (dashed line) when the
folding angle is γ = 22.5 deg.

5.3.4 Optical Loss and Thickness

As the only folding mirror is exposed to the room temperature vacuum, the
finesse of the modified cavity is written as

F (t) =
π
√
R1

1−R1(R− LCML)
, (5.24)

where LCML is the optical loss on the folding mirror by the CML. At room
temperature, the optical loss of the CML is equal to zero, and one can estimate
R. From the obtained results at cryogenic temperature, the optical loss of the
CML can be estimated.

In order to obtain LCML, we calculated the attenuation A of the folding
mirror from the result taken at room temperature in advance of the cryogenic
measurement. The attenuation, A, was calculated as A = 4.7 ± 0.7 ppm,
hence R = 0.999995.3± 0.7. The optical attenuation is much smaller than the
previous measurement.

The uncertainty in the refractive index of the CML introduces an error in
the calculated CML thickness. We assume the CML refractive index to be
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Figure 5.11: Cooling curve of the folding mirror.

nCML = 1.19± 0.1. When the refractive index of the CML is nCML = 1.29, the
relation between the frequency split and the thickness of the CML is expressed
as

∆ν [MHz] = 0.57 [MHz/nm]× dCML [nm]− 20.28 [MHz]. (5.25)

Also, the relation becomes

∆ν [MHz] = 0.55 [MHz/nm]× dCML [nm]− 20.28 [MHz], (5.26)

for nCML = 1.09. Therefore, we consider that the uncertainty in the CML
refractive index induces the error in the sensitivity as (0.56± 0.01) MHz/nm.
The uncertainty in the CML thickness due to this error depends on the amount
of PS split frequency. In this measurement, it becomes maximum when ∆ν is
minimum, and can be calculated as

(20.28− 17.95) MHz

(0.56± 0.01) MHz/nm
= (4.13± 0.08) nm. (5.27)

106



5 Experimental Characterization of Cryogenic Molecular Layers
Using a Folded Cavity 5.4 Summary of This Chapter

Therefore, the errors induced by the CML refractive index is ±0.08 nm at most,
which is smaller than the errors due to the resonant width. We calculated this
error for each measurement.

From the measurements, we estimated the optical loss by the CML, LCML

by using Eq. 5.24, and thickness of the CML, dCML, by using Eq. 5.23. Fig.
5.13 shows the growing optical loss LCML, and thickness of the CML dCML.
The error bars in CML thickness include the statistical errors, measurement
errors induced by the resonant width and systematic errors due to the CML
refractive index.

The loss, 7.3±1.1 ppm, and thickness 2.38±0.27 nm, measured at the first
day are generated by the adsorption during the initial cooling down. In the
following 10 days, the optical loss and the thickness of the CML grow over
time, and become LCML = 17.4 ± 1.3 ppm and dCML = 4.13 ± 0.36 nm. After
raising the temperature, the optical loss and the thickness of the CML became
zero. Therefore, a thin CML is formed on the folding mirror, and it can be
probed by not only the ringdown, but also the CEE measurement.

The uncertainty in the estimation of the CML thickness is introduced by
the statistical error, measurement error related to the resonant width and sys-
tematic error due to the CML refractive index. Taking these into consideration,
the uncertainty of the CML thickness is (±0.38± 0.16± 0.07) nm = ±0.42 nm
at most and less than 0.5 nm. Therefore, our setup enables us to measure the
CML thickness at a nanometer level. Further considerations on a design of the
setup will enable more precise characterization of the CML.

It should be noted that the folding angle of the cavity is considered to be
constant through these measurements. Due to the cooling, the folded cavity
shrinks, which can lead to the deformation. Here, we ignore the impacts of the
deformation due to the cooling by assuming that the spacer shrinks uniformly,
and the change in the folding angle is negligible. Especially, during 10 days
cryogenic operation at 10 K, the deformation of the spacer is much small as
the thermal expansion coefficient is less than approximately 10−6 1/K, and
the temperature drift is less than 1 K. Therefore, the relative change in the
resonant frequency split is not induced by the deformation of the cavity during
the measurements at cryogenic temperature.

5.4 Summary of This Chapter

• We have developed the cryogenic folded cavity, which is the first time
ever.

• The optical attenuation of silicon mirror was measured by using the
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folded cavity.

• The frequency shift between P- and S-polarization reflects the informa-
tion of the coatings. By measuring the frequency shift, one can estimate
the status of mirror surface.

• We monitored the finesse during the cryogenic environment and it showed
finesse degradation due to the CML growth, and drift in the resonant
frequency shift.

• In order to confirm the validity of the CEE, the additional measurement
was conducted with modified spacer. The results indicate the CML for-
mation on the folding mirror surface, and the CEE can probe the CML
at a nanometer level.
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Figure 5.12: Trend of measured decay time (upper) and the resonant frequency
split (lower).
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Figure 5.13: Trend of accumulated optical loss on the folding mirror, LCML

(blue circle), and CML thickness, dCML (red triangle).
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Chapter 6

Discussions and Implications

Cryogenic operation of a GWD is a promising way to improve the sensitivity of
a detector by reducing the thermal noise. A cryogenic mirror, however, has a
technical problem caused by the adsorption of residual gas molecules. We have
presented the possible impacts of the CML on the optical losses introduced for
the case of cryogenic GWDs in chapter 3. The effect of scattering loss can
be negligible as long as the thickness of the CML is less than 1µm. On the
other hand, the optical absorption becomes a critical problem for cryogenic
operation because of an additional heat load to the cryogenic system. Even
though the thickness of CML is about 1 nm, the absorbed heat exceeds the
cooling capacity for both ET and LIGO Voyager.

In order to investigate the properties of very thin CML, we have developed a
cryogenic folded cavity and ellipsometric measurement. The obtained results
indicate that the ellipsometric measurement can probe the thickness of the
CML with a certain accuracy.

In this chapter, we estimate the heat input to the test mass based on the
experimental results. Also, we compute the CML formation rate by using a
Monte Carlo (MC) simulation. Finally, we discuss the possible countermea-
sures for the CML.

6.1 Heat Input due to the CML

In this section, we discuss the heat input induced by the CML based on the
experimental results. As the laser wavelength of the experiment is 1550 nm,
we focus on the case of the ET.
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Figure 6.1: The CML thickness and the optical loss of the folding mirror.

6.1.1 Optical Loss and Thickness of the CML

Fig. 6.1 shows the optical loss and thickness of the CML. The optical loss of
the CML increases as it becomes thicker. In this subsection, we investigate the
validity of the Lambert-Beer law at very thin region from the obtained results.
As shown in Chapter 3, the optical loss generated by the scattering can be
negligible as long as the thickness of the CML is very thin. We assume that
the obtained results of the optical loss is induced by the optical absorption of
the CML.

Assuming the Lambert-Beer law, the heat input to the test mass induced
by the CML, QCML, is expressed as

QCML = PCML{1− exp(−2αCMLdCML)}, (6.1)

where PCML is the laser power incoming to the CML, αCML is the absorption
coefficient, and dCML is the thickness of the CML. Therefore, the optical loss
due to the absorption of the CML, LCML, is written as

LCML = QCML/PCML = 1− exp(−2αCMLdCML). (6.2)
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Figure 6.2: The thickness and the optical loss of the CML. Red dashed line
and blue dashdot line represent the fitted curves. The shaded bands indicate
the 1σ uncertainty. Black solid line is the amorphous ice model.

Assuming that the CML is very thin, Eq. (6.2) is approximated as

LCML ≈ 2αCMLdCML. (6.3)

Therefore, the optical absorption scales linearly to the absorption coefficient
at very thin region.

Fig. 6.2 shows the obtained results, amorphous ice model, and the fitted
curves. We assume the following function as a fitting curve labeled Fit1 to
estimate the absorption coefficient,

LCML =
2αCMLdCML

cos γ′
+ α0. (6.4)

Here, dCML/ cos γ′ is the effective path length because of the folding angle γ.
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Table 6.1: Results of fitting.

Fit 1 Fit 2
α0 −0.49± 0.74 ppm 0.20± 0.14 ppm
α1 1.91± 0.10 ppm/nm 0.72± 0.14 ppm/nm
α2 0.14± 0.02 ppm/nm2

The angle of incidence, γ′, is calculated by Snell’s law as

cos γ′ =

√
1−

(
n0

nCML

)2

sin2 γ, (6.5)

where n0 = 1.0, and nCML = 1.19 are the refractive indices of the vacuum
and the CML, respectively. The red dashed line labeled Fit1 shown in Fig.
6.2 represents the results of the fitting assuming Eq. 6.5, and shaded band
represents the 1σ uncertainty. The obtained parameters from the fitting are
αCML = 1.91± 0.10 ppm/nm and α0 = −0.49± 0.74 ppm. A discrepancy from
the fitted line can be seen at both thin and thick ends of the measurements,
i.e., a discrepancy from the Lambert-Beer linear model.

Here, we fitted the data by another model, which is expressed as

LCML = α2

(
2dCML

cos γ′

)2

+ α1
2dCML

cos γ′
+ α0, (6.6)

where αi (i = 0, 1, 2) are fitting parameters. Red dashed line labeled Fit2 is
the fitting curve by assuming Eq. 6.6. The obtained parameters are α2 =
0.14±0.02 ppm/nm2, α1 = 0.72±0.14 ppm/nm and α0 = 0.20±0.14 ppm. By
assuming the non-Lambert-Beer model Eq. 6.6, the fitted curve well matches
with the measured data.

A possible explanation is that the Lambert-Beer law does not hold in very
thin region and the optical loss at very thin region may be proportional to
the second order of dCML. Recent simulation study by LIGO Voyager group
indicates that the optical absorption by a CML can deviate from the Lambert-
Beer law and becomes two orders of magnitude smaller than the Lambert-Beer
law below 10 nm, i.e., the order of sub-ppm [84]. Further investigations are
needed to know the behavior of the optical loss for very thin layers, and will be
of importance for the future GWDs, in which the heat input due to the CML
to the test mass becomes the problem even at a few nanometer thickness.
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Figure 6.3: Heat input to the test mass induced by the CML for the case of
the ET. Solid line shows the theoretical expectation, and blue dashed-dotted
line represents the cooling capacity of the test mass mirror in the ET. Purple
circles are projections of the measured data.

6.1.2 Heat Input to the Test Mass by the CML

Fig. 6.3 shows the heat input to the test mass for the case of the ET. We project
the obtained results shown as purple circles by assuming that the measured
optical loss is induced by absorption. The intra-arm-cavity power of the ET is
calculated based on the parameters shown in Table 3.2, and constant as long
as the thickness of the CML is very thin (< 10 nm). Black solid line represents
the theoretical prediction calculated in chapter 3, and blue dash-dotted line
represents the cooling capacity of the ET. The heat input of expected from
the measurement shows smaller value than that of the theoretical expectation.
This might be because that the Lambert-Beer law does not hold at such small
thickness. However, the experimental results indicate that the heat absorption
can still be large, and the heat input exceeds the cooling capacity of the mirror,
∼ 100 mW, even if the thickness is approximately 2 nm. Thus, this experiment
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indicates that the CML on the test mass mirror can prevent the cryogenic
operation of future cryogenic GWDs due to its large heat absorption.

Here, we assumed that the optical loss is induced by the optical absorp-
tion. In order to confirm the validity of this assumption, further studies are
needed such as the photothermal self-phase modulation technique [47]. Also,
further investigations on both thinner and thicker regions are required to fully
understand the properties of the CML including the refractive index.

6.1.3 Other Heat Loads

Not only the absorption of the laser power by the CML, but also the radiation
from the room temperature environment and the absorption by the coatings
contribute to the heat input.

For the case of the ET, heat load induced by the radiation from the room
temperature environment is estimated to be approximately 70 mW. In addi-
tion, the absorption by the coatings generates approximately 20 mW heat load.
On the other hand, the cooling capacity is 100 mW. Therefore, the tolerable
heat input by the CML is only 10 mW. Assuming the Lambert-Beer law, the
tolerable CML thickness becomes approximately 0.2 nm.

In LIGO Voyager, whose cooling capacity is 10 W, the heat load induced
by the absorption in coatings is estimated as 3 W [35]. The heat load due to
the radiation is reduced to only 6 mW thanks to the presence of the cryotrap.
Thus, the tolerable heat load by the CML is less than 7 W. As the intra-cavity
power becomes 3 MW, a few ppm absorption causes larger heat input than the
tolerable value. In the same manner as the case of the ET, the tolerable CML
thickness become less than 0.1 nm by assuming the Lambert-Beer law.

6.2 Sensitivity of CEE

In this section, we discuss the sensitivity of CEE to CML thickness. Here we
define the sensitivity of CEE as

ζ [MHz/nm] =
∆ν [MHz]

dCML [nm]
. (6.7)

Assuming that the refractivie index of CML is constant, the sensitivity ζ is
determined by the geometrical parameters — folding angle γ and FSR fFSR

of the folded cavity. Red curves in Figs. 6.4 and 6.5 show how the sensitivity
changes over the folding angle and FSR, respectively. Blue curves in Figs.
6.4 and 6.5 represent the amount of P-S split frequency ∆ν without CML. In
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Figure 6.4: How splitting frequency and sensitivity of CEE change over the
folding angle. fFSR = 1.84 GHz is assumed. Black dots correspond to our
setup.

our setup, the folding angle and FSR are set to γ = 22.5 deg and 1.84 GHz,
respectively, and the sensitivity becomes ζ = 0.56 MHz/nm.

From Figs. 6.4 and 6.5, larger folding angle and larger FSR enhance the
sensitivity to the CML thickness. Therefore, the sensitivity of the CEE can be
improved by optimizing the geometrical parameters of the folded cavity. On
the other hand, the amount of resonant frequency split also becomes larger
as the sensitivity increases. For example, when the folding angle becomes
γ ≈ 40 deg with fFSR = 1.84 GHz, the sensitivity is about 1.3 MHz/nm and the
resonant frequency split is enhanced to be −230 MHz. Such a large frequency
split makes it difficult to scan the laser frequency by a current tuning because
the scan range is about 200 MHz for our setup. Therefore, the improvement
of the sensitivity accompanies difficulties.

One possible approach to measure the CML thickness with improved sensi-
tivity is to add another P-polarization beam path with double-pass AOM con-
figuration [85]. Fig. 6.6 shows the overview of possible upgrade configuration.
Here, we set the folding angle and FSR to be γ = 33 deg and fFSR = 3.00 GHz.
With these parameters, the sensitivity and resonant frequency split become
ζ = 1.83 MHz/nm and ∆ν ≈ 160 MHz, respectively. By using an AOM which
has 80 MHz central frequency, double-pass AOM configuration enables us to
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Figure 6.5: How the sensitivity of CEE change over the FSR. Folding angle
22.5 deg is assumed. Black dots correspond to our setup.

shift the laser frequency about 160 MHz without beam jitters. By tuning the
laser frequency shift introduced by a double-pass AOM, one can determine the
frequency split between P- and S-polarization beams. Thus, the CML thick-
ness can be probed with improved sensitivity. It should be noted that the
resonant width, which introduces an error, becomes large depending on the
FSR. In order to maintain the resonant width less than 0.1 MHz, the finesse
of the folded cavity should be increased to approximately 3 × 104. However,
with a large folding angle, realizing a coating with very high reflectivities for
both S- and P-polarizations at the same time becomes increasingly difficult.
Therefore, it may be difficult to increase the finesse so much.

6.3 Formation Speed

6.3.1 Formation Speed Degradation

As shown in Fig. 5.13, the CML growing rate decreases with time, i.e., the
CML formation rate is not constant. This can be caused by the molecular
flow onto the mirror gradually reduced as a consequence of improvement in
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Figure 6.6: A possible upgrade configuration. Additional beam path is intro-
duced with double-pass AOM to shift the laser frequency about 160 MHz.

the vacuum level. Fig. 6.7 shows the pressure between the room temperature
and the 80 K shields and the CML formation speed. Here the CML formation
speed is obtained by taking the derivative of CML thickness shown in Fig.
5.13. During the cryogenic operation, the pressure and the CML formation
speed decreases as shown in Fig. 6.7. The CML formation speed, η, scales
with the pressure difference, ∆P , between the room temperature and cryogenic
vacuum as [58]

η ∝ ∆P. (6.8)

Here, we assume that the pressure difference is the same as the pressure at the
room temperature vacuum because the cryogenic vacuum level is expected to
be much lower than the room temperature part.

The improvement in the room temperature vacuum, hence the reduction
in ∆P leads to a smaller formation speed. Thus, the decreasing pressure could
cause the thickness trend as shown in Fig. 5.13. However, the CML formation
speed decreased about one order of magnitude though the improvement in
vacuum level is about a factor of 2. Therefore, the CML formation speed may
not be simply proportional to ∆P . Further investigations are needed to reveal
the relation between the CML formation speed and the vacuum level.

6.3.2 Comparison with the Measurement in KAGRA

Tab. 6.2 shows the comparison of our results with the previous measurement
in KAGRA. The CML formation speed in KAGRA was 27 nm/day, which
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Figure 6.7: Trend of the pressure at room temperature vacuum and CML
formation speed during the cryogenic operation. The error bars of pressure
are due to the uncertainty of the vacuum gauge.

was obtained by measuring the finesse oscillation induced by CML formation
[58]. Here, CML formation speed is assumed to be proportional to the vacuum
pressure at room-temperature part ∆P , and a solid angle of Ω from the center
of the mirror to the room temperature part. The solid angle is calculated as

Ω = 2π

(
1− z√

z2 + r2

)
, (6.9)

where z is the distance from the mirror to the edge of cryogenic duct and r
is the radius of the duct. For the case of KAGRA, z = 5 m and r = 270 mm
are assumed, and the solid angle becomes 2 msr. In our setup, substitut-
ing z = 300 mm and r = 20 mm to Eq. 6.9, the solid angle to the room-
temperature vacuum becomes 14 msr, which is 7 times larger than that of
KAGRA. Moreover, the vacuum level of our setup is about 6 times worse
than the previous study [58]. Considering these difference, the expected CML
formation speed in our setup from measurement in KAGRA becomes

ηexpect = 27 nm/day × 7× 6 ≈ 1.1× 103 nm/day. (6.10)

On the other hand, the experimentally obtained formation speed in our setup
is only 0.6 nm/day at most, which is about 2× 103 times smaller than the the-
oretically expected value from the KAGRA case. Such a large discrepancy in
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Table 6.2: Comparison with the previous measurement in KAGRA [59].

in KAGRA our setup
Configuration of cavity Fabry-Perot Folded
Wavelength 1064 nm 1550 nm
Solid angle 2 msr 14 msr
Vacuum level 5× 10−6 Pa 3× 10−5 Pa
Method finesse oscillation cavity enhanced ellipsometry
Formation speed (27± 2) nm/day (0.6± 0.1) nm/day

the CML formation speed may be generated by the difference in the geometry
of the vacuum system between KAGRA and a table top experiment. Further
studies are needed to understand this difference in the CML formation speed.

It should be noted that the measurement in KAGRA assumed the constant
CML formation though the formation rate may not be constant in practice [58].
The cavity enhanced ellipsometry enables the measurement of the formation
rate even if the rate is not constant, which is one of the advantages of this
technique. Further measurements in GWDs will help understand the CML
formation rate combined with the simulation presented in the following section.

6.4 Estimation of the CML Formation Rate

in Future GWDs

So far, we have revealed that the CML can hinder the cryogenic operation of
future GWDs even though its thickness is less than 1 nm. Here, we compute
the CML formation rate, in the same manner as in a previous study [59], to
estimate the timescale that the heat input due to the CML becomes a problem.
The timescale can be regarded as an index for designing the cryogenic systems
of future GWDs. We assume a simple beam duct model for order estimation
of CML formation rate during the stationary state.

In order to evaluate the formation rate, first, we derive the sticking proba-
bility of residual molecules, Pst, which describes the ratio between the number
of molecules that input to the cryogenic surface and that adhere to the surface.

The sticking probability can be expressed as [86].

Pst = α{1− tanh[β(T − γEdes)]}, (6.11)

where α, β and γ are the parameters to reproduce the experimental results
and Edes is the desorption energy. These values are listed in Table 6.3.
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Figure 6.8: Sticking probability of several molecules. The parameters to cal-
culate the sticking probabilities are listed in Tab. 6.3. At the cryogenic tem-
perature of 10 K, almost all residual gas molecules can stick to the cryogenic
surface.

Fig. 6.8 shows the sticking probabilities of H2, N2, O2, and H2O molecules
as functions of temperature. The sticking probability of water molecules can be
treated as equal to 1 below about 250 K. In addition, the sticking probabilities
of other molecules are also almost unity at 10 K. Therefore, the measured
finesse fluctuation can be induced by the mixture layer of these molecules.

In order to evaluate the molecular layer formation rate, an MC simulator
package developed at CERN, Molflow+ [87], is used. A previous study shows
that the numerical simulation using Molflow is valid for order estimation [58].
Here we make 3D CAD models of cryogenic duct of the ET and LIGO Voyager
based on the Refs. [30, 88]. By using these models for MC simulation, one can
obtain the formation rate of CML as following. Assumed parameters for the
cryogenic duct are listed in Tab. 6.4.
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Table 6.3: The parameters used to calculate the sticking probability [86]. Edes

denotes the desorption energy.

Molecule β γ Edes

N2 0.12 0.043 1250
O2 0.17 0.042 2320

H2O 0.11 0.042 6000

Figure 6.9: Model for the conductance simulation of the space between the duct
shield and the test mass. The particles are injected from the left-end facet,
and the number of particles which reach to the right-end facet are counted.

First, we define the volumetric flow rate Q as

Q = C∆P, (6.12)

where C is the conductance of the system and ∆P is the pressure difference.
Here we consider the cylindrical beam tube. MC simulation is one of the best
approaches to estimate the conductance. By using the transmission probability
(or Clausing factor), K, the conductance of the beam tube can be expressed
as

C = C0K, (6.13)

where C0 is the opening conductance of the system which can be expressed as

C0 = r2

√
πkBT

2m
. (6.14)

Here r is the radius of the duct, kB is the Boltzmann constant, T is the
temperature and m is the mass of the molecule. The CML grows with time due
to the continuous residual molecular flow from the beam tube. The formation
rate can be calculated as

η =
mQ

SρkBT
[m/s], (6.15)

123



6.4 Estimation of the CML Formation Rate
in Future GWDs 6 Discussions and Implications

Table 6.4: The assumed parameters of cryogenic duct of the ET and LIGO
Voyager.

Name The ET Voyager
Diameter 0.75 m 0.50 m
Temperature 4 K and 77 K 80 K
Length 5 m / 4 K + 50 m / 77 K ∼ 10 m

where S is the area of the cryogenic mirror surface and ρ is the density of the
molecule. Assuming the pressure difference between the beam duct and the
cryostat, one can estimate the formation rate of the CML from Eq. 6.15.

The Einstein Telescope

We consider the case of the ET. The cryogenic beam duct of the ET consists
of two parts — 50 m long 77 K cryotrap, and 5 m long 4 K cryotrap. The
conductance can be calculated as

CET =
1

1/C77K + 1/C4K

, (6.16)

where C77K, and C4K are conductance of each cryotrap.

The transmission probability of 77 K cryotrap, Ktrans,77K, for each molecule
is simulated as

Ktrans,77K =


4.9× 10−5 (H2O),

2.0× 10−4 (N2),

5.0× 10−3 (O2).

(6.17)

That for 4 K cryotrap also is calculated as

Ktrans,4K = 5.5× 10−3 (H2O,N2,O2). (6.18)

Here we assumed that the sticking probability of these molecules are the unity
at 4 K.

Then we compute the conductance. The opening conductance of each cry-
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otrap is calculated as

C0,77K =


3.6× 10−3 (H2O),

6.0× 10−3 (N2),

3.3× 10−1 (O2).

(6.19)

C0,4K =


3.6× 10−1 (H2O),

1.6× 10−1 (N2),

1.5× 10−1 (O2).

(6.20)

Substituting these values into Eqs. 6.13 and 6.16, one can obtain the conduc-
tance of cryotrap as

CET =


3.6× 10−3 (H2O),

5.8× 10−3 (N2),

1.1× 10−1 (O2).

(6.21)

The residual gas inside the room temperature beam duct is estimated as
5× 10−9 Pa for H2O, and 1× 10−10 Pa for the others [30]. As the vacuum level
in the cryostat chamber is much better than the room temperature beam duct
because of the cryopumping, it is natural to adopt these values as pressure dif-
ference between the beam duct and the cryostat chamber. Thus the molecular
flow can be estimated as

QET =


1.8× 10−11 (H2O),

2.9× 10−13 (N2), Pa ·m/s
5.3× 10−12 (O2).

(6.22)

It should be noted that we assumed ∆P = 5× 10−11 Pa for N2 and O2. From
Eq. 6.15, the formation rate is calculated as

ηET ∼


6× 10−5 (H2O),

4× 10−6 (N2), nm/day

6× 10−5 (O2).

(6.23)

Assuming that the CML is a mixture of these molecules, the formation rate of
CML is approximately 1.2×10−4 nm/day ∼ 0.05 nm/yr for the ET. Therefore,
the CML formation can be tolerable for about 4-year operation of the ET
as long as it achieves the designed vacuum level with approximately 50 m
cryotraps.
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Figure 6.10: Schematic of CAD model of Voyager cryogenic duct. The length
is 10 m with 500 mm diameter. Baffles are located at 1 m intervals. The yellow
part represents the space between the end of the duct and mirror surface.

LIGO Voyager

LIGO Voyager is planning to employ cryogenic ducts at temperature of 80 K
to isolate thermal radiation [88]. The length of cryogenic shield is about 10 m
as LIGO Voyager utilize the facility of LIGO.

Temperature of LIGO Voyager test mass is designed as 123 K where only
H2O can be adsorbed, i.e., the adsorption of other species are negligible. There-
fore, here we only consider the adsorption of H2O molecules. Fig. 6.10 shows
the CAD model of Voyager cryogenic duct. The transmission probability Ktrans

of the LIGO Voyager cryogenic duct is simulated as

Ktrans,80K = 4.5× 10−4. (6.24)

It should be noted that the transmission probability without baffles is com-
puted as 6.0× 10−4. Therefore, the baffles reduces the transmitted molecules
approximately by 25 %. Opening conductance is also calculated as

C0,Voyager = 23.37. (6.25)

Then, the conductance of the Voyager cryogenic duct becomes

CVoyager = 1.3× 10−2. (6.26)

For the case of LIGO Voyager, residual water molecules inside the beam
tube is estimated as∼ 1×10−10 Torr = 1.33×10−8 Pa [35]. Thus, the molecular
flow is calculated as

QVoyager = 1.7× 10−10 Pa ·m3/s. (6.27)

Finally, the formation rate is estimated as

ηVoyager ∼ 7× 10−4 nm/day. (6.28)
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Table 6.5: The estimated formation rate with designed vacuum level. The
values for the KAGRA case are derived from the reference [59].

Detector Molecules Formation Rate [nm/day]
H2O 6× 10−1

KAGRA N2 3× 10−1

O2 2× 10−1

H2O 6× 10−5

The ET N2 4× 10−6

O2 6× 10−5

Voyager H2O 7× 10−4

This result indicates that the thickness of CML can become approximately
0.2 nm after one year run, which can deteriorate the detector performance. It
should be noted that the actual diameters of cryotraps can become larger than
assumed here to avoid beam clippings. If the diameter of the beam duct is
larger, the formation rate is also enhanced, and the CML becomes a prob-
lem much faster than the estimation shown above. Moreover, the unexpected
leakage or degas can happen during the operation, resulting in the CML forma-
tion. Therefore, the formation rate calculated here is an optimistic estimation.
Careful treatments on vacuum system and cryogenic mirror are still necessary.

The estimated results including KAGRA case are summarized in Tab. 6.5.

Table 6.6: Assumed parameters to compute the CML formation rate.

Molecule Density [kg/m3] Mass [kg]
H2O 940 2.99× 10−26

N2 1026 4.65× 10−26

O2 1520 5.32× 10−26

6.5 Possible Solutions

to Mitigate the Impacts of the CML

The optical absorption induced by the CML can become a critical problem
within one or two years operation with current proposed design. In this section,
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we propose several approaches, which can mitigate the impact of the CML.

6.5.1 Longer Cryotrap

Cryotraps mitigate the CML formation as it reduces the molecular flow from
the room temperature vacuum. Not only the CML formation, but also the heat
input to the test mass by thermal radiation is reduced by longer cryotrap. In
a cryogenic system, unknown heat sources may exist, which prevent one to
cool down the system to the target temperature. Therefore, the designing of
the cryogenic system with extra cooling capacity will be desirable in case of
unforeseen heat sources. This can be achieved by employing longer cryotraps
for the case of the ET, in which a radiation heat from room temperature
vacuum is critical.

Current design of the ET adopts 5 m long for the 4 K cryotrap and 50 m
for 77 K, and they reduce the thermal radiation from the room temperature to
approximately 70 mW. Furthermore, by making the 4 K cryotrap 3 m longer,
i.e., by employing 8 m long 4 K cryotrap, one can achieve less thermal radia-
tion. It is estimated that such cryotrap can reduce the thermal radiation to
approximately 10 mW. Thus, the heat input due to the absorption of coatings
and thermal radiation becomes ∼ 30 mW. This smaller heat input relieves the
tolerance on the CML, and can handle with unexpected heat source. More-
over, the formation rate of the CML is also reduced. The conductance of 8 m
long 4 K cryotrap becomes

C4K,8m =


7.2× 10−2 (H2O),

3.3× 10−2 (N2),

3.1× 10−2 (O2),

(6.29)

and the formation rate is

η ∼


6× 10−5 (H2O),

4× 10−6 (N2), nm/day

2× 10−5 (O2).

(6.30)

Thus, the formation rate of the CML becomes approximately 8×10−5 nm/day ∼
0.03 nm/yr.

As shown above, longer cryotraps can mitigate the impacts of the CML.
By employing 8 m long 4 K cryotraps, heat input due to the thermal radiation
and absorption of coatings becomes approximately 30 mW. In other words,
the ET can tolerate about 70 mW unexpected heat input, which corresponds
to the heat input caused by 1 nm thick CML. The CML formation also can be

128



6 Discussions and Implications
6.5 Possible Solutions

to Mitigate the Impacts of the CML

mitigated as 0.03 nm/yr. Thus, the ET can be operated with 10 K test masses
for about 30 years.

For the case of LIGO Voyager, as the current LIGO facility will be used,
longer cryotraps are difficult to be installed. Cosmic Explorer (CE), a next
generation GWD planned in the US, may better employ 50 m-scale cryotraps
from the view point of the CML formation though the 10 m long cryotrap is
enough from the view point of the thermal radiation.

6.5.2 Cooling Order

One possible approach to prevent the CML formation during the cooling period
is to cool down the mirror at the last stage of the cooling process, i.e., cool
down the surrounding components first, then start to cool down the test mass.
During this process, the residual gas molecules are adsorbed by the surrounding
cryogenic components, which mitigates the CML formation on the test mass
mirror surface. LIGO Voyager will employ radiative cooling system in which
cryotraps are cooled down prior to the test mass, resulting in the adsorption
of residual molecules to the cryotraps. Therefore, the CML formation on the
mirror during cooling process can be mitigated for LIGO Voyager. For the
case of the ET, long cryotraps are installed in the beam tube. By cling down
the cryotraps first, they can adsorb the residual gas molecules and the CML
formation on the test mass mirror is much reduced.

However, still the unwanted leakage or degas can happen accidentally. They
may cause unexpected CML formation, which cannot be predicted by the
simulation. The monitoring system, which can witness the CML, may be
necessary to check the status of the mirror.

6.5.3 Monitoring and Desorption System

The CML formation can degrade detector’s performance, and the system which
can witness the CML may be needed to identify the optical loss source. As a
starting point, we propose a conceptual design of a monitoring system which
is inspired by the P-S splitting measurement.

The schematic picture of the monitoring system is shown in Fig. 6.11. In
this scheme, the auxiliary cavity is employed in which the test mass mirror
takes the role of folding mirror. One can probe the cryogenic mirror surface
by monitoring the resonant frequency shift between two polarizations. This
enables to confirm the status of the mirror surface; whether the CML is formed
or not.

Tab. 6.7 describes the assumed parameters. Here we consider the case
of the ETM in the ET, and assume the mirror coating as proposed in the
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Figure 6.11: Conceptual design of cryogenic mirror surface monitoring system.
Two auxiliary mirrors compose input and output mirrors, and the test mass
mirror takes the role of folding mirror. Hence these three mirrors consist a
folding cavity. By detecting transmitted beam using a PD, one can measure
the two resonant peaks depending on the polarization.

reference [32]. We assume the finesse of the auxiliary cavity as 5× 103. Then
the frequency shift can be calculated by using a characteristic matrix as

∆ν(dCML = 0 nm) = −7.547 MHz. (6.31)

As the FWHM is approximately 10 kHz and the transverse mode spacing is
28.7 MHz, the shifted peak is not contaminated by other modes. Therefore,
one can detect the both P- and S- polarization transmitted peak.

Fig. 6.12 shows the response of frequency shift against the CML formation.
The frequency shift changes linearly against the CML formation at very thin
region. Such response can be fitted by

∆ν [MHz] = 0.022 [MHz/nm]× dCML [nm]− 7.547 [MHz]. (6.32)

By using this relationship, one can estimate the optical thickness of the CML
at thin region.

For the case of the ITM, the finesse of the auxiliary cavity becomes smaller
than that of the ETM due to lower reflectance of the ITM. The finesse of the
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Table 6.7: Assumed parameters for the monitoring system.

Parameters Value
Wavelength 1550 nm
Finesse ∼ 5× 103

Cavity length L1 = 1.5 m
L2 = 1.5 m

L = L1 + L2 = 3 m
Free spectral range 50 MHz
Transverse mode spacing 33.7 MHz
FWHM 7.5 kHz
Beam size on the input/output mirror 1.7 mm
Beam size on the folding mirror 1.4 mm
Radius of curvature 10 m
Folding angle 45 deg

ITM auxiliary cavity is 500 at most, hence νFWHM = 75 kHz. The resonant
frequency split with very thin CML is approximated as

∆ν [MHz] = 0.022 [MHz/nm]× dCML [nm]− 7.487 [MHz]. (6.33)

As the resonant frequency separation is still larger than the FWHM, the mon-
itoring system can be valid for the ITM though the resolution of the frequency
split gets worse due to the lower finesse. Further tuning such as slightly dif-
ferent laser wavelength may improve the performance of the system.

In order for precise P-S measurement using such monitoring system, cali-
bration lines around the split peak is useful.From the separation of the cali-
bration line and resonant peak, one can determine the scanning efficiency of
the laser frequency. By using the obtained scanning efficiency, the resonant
frequency split is calculated, and the thickness of the CML can be estimated
from Eq. 6.32. Also, the reduction of the mirror motion is important factor
for precise measurement. The beam jitter generated by the mirror motion
leads to the fluctuations in the split frequency. When the beam jitter is less
than 200µrad, the fluctuations in the split frequency becomes less than 7 kHz.
Then, one can measure the thickness of the CML with an accuracy of 0.3 nm.
A single or double pendulum can reduce the vibration contamination to the
mirrors, and enable the estimation of the CML thickness.

One advantage of such monitoring system is the linearity of response to the
molecular layer formation. In addition, this system does not require a robust
control system to maintain the resonant condition for the P-S measurement.
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Figure 6.12: Example response of the resonant frequency shift of assumed
monitoring system. Dashed line is a linear approximation at the thin region.

However, the sensitivity of monitoring system becomes about one order
of magnitude smaller than our setup though the folding angle is larger which
improves the sensitivity. This is because of the longer cavity length of the
monitoring system. In other words, the FSR of the monitoring system be-
comes about two orders of magnitude smaller than our setup, resulting in less
sensitivity as shown in Fig. 6.5. Here we assumedthe cavity length to be 3 m
in order not to clip the main laser of the GWD.

The resonant width becomes small as the FSR decreases. Therefore, the
error due to the resonant width also is unchanged in terms of the CML thick-
ness. The systematic error induced by the CML refractive index also does not
change because the error manifests itself as an error in the phase shift ∆φ,
which is scaled by the FSR as shown in Eq. 4.72 when converted to the fre-
quency shift. Therefore, the only error which increases as the FSR decreases
is the statistical error. This error can be reduced by increasing the number
of averaging to a large number like 104. Manually performing such a large
number of measurements is impractical. Therefore, it is necessary to develop

132



6 Discussions and Implications 6.6 Future Prospects

an automatic measurement system to perform the scan, data acquisition and
peak finding by a fit without human intervention.

The monitoring system proposed here should take an important role in
not only operation period, but also commissioning phase. During the commis-
sioning, it is important to identify the noise sources and technical problems
which hinder the cryogenic operation. The cryogenic mirror monitoring sys-
tem can provide significant information to determine the excess optical loss
source. Such monitoring system assists the commissioning work and achieve
the design sensitivity, resulting in discoveries in the Universe.

Towards the future GWDs, implementation in prototypes and optimization
of the geometric parameters will be of importance. Also, the obtained results
by the measurements in the prototypes can provide insights into the design of
the vacuum system such as length of the cryotrap and vacuum level. Further
studies will help developing the vacuum and cryogenic systems, and increase
the feasibility of future cryogenic GWDs.

6.5.4 Laser Induced Desorption System

The development of the system, which can actively remove the CML will also
be important. Previous study shows the possibility to desorb the CML by
illuminating an auxiliary CO2 laser [59]. A CO2 laser can increase the temper-
ature of a mirror. A thermal compensation system which employs a CO2 laser
is installed in current GWD such as aLIGO [89]. This previous study indicates
that the adsorbed water molecules can be desorbed by increasing the temper-
ature to about 170 K. However, such desorption has not been demonstrated
with an optical cavity. The cryogenic folded cavity and the cavity enhanced
ellipsometry, which we have developed, can be used as a test bench for the
laser induced desorption system. Further studies utilizing the folded cavity
can pave the way to develop a desorption system for future cryogenic GWDs,
which will be able to solve the problem generated by the CML.

6.6 Future Prospects

The cryogenic folded cavity developed in this study can be utilized for de-
velopment of low thermal noise coating toward cryogenic GWDs. By locking
two higher-order modes to this cavity and taking beat note of them, one can
measure the coating thermal noise of folding mirror [90, 91]. The device we de-
veloped here will enable the direct measurement of coating thermal noise even
at cryogenic temperature in addition to the optical loss. Combining these
measurements, one can develop high-end coatings for cryogenic GWDs.
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In order to achieve the direct measurement of coating thermal noise, a vi-
bration isolation system is necessary as the vibration contamination prevent
the precision measurements of coating thermal noise. Developments of addi-
tional optical and readout systems are also required. Further studies utilizing
the cryogenic folded cavity will be able to contribute to the future cryogenic
GWDs.
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Chapter 7

Summary and Conclusion

The detection of GW opened a new window to the Universe, which is called
GW astronomy. Future cryogenic gravitational-wave detectors will be able to
provide further discoveries such as the formation scenarios of massive black
holes by improving the sensitivity. The development of cryogenically cooled
mirror is an important key to achieve the future cryogenic GWDs. A number of
studies were conducted to realize cryogenically cooled mirrors in future GWDs.
CLIO and KAGRA are pioneers toward the development of a cryogenic GWD.
For the construction and cryogenic operation of KAGRA, experimental studies
were performed to estimate the degradation time of PRG and to estimate the
CML formation speed. Based on these studies, KAGRA was designed and
constructed.

In future GWDs such as the ET or LIGO Voyager, employment of cryogeni-
cally cooled mirrors is an indispensable technology. These GWDs are planing
to employ longer wavelength laser than that of KAGRA to utilize silicon mir-
rors. At these longer wavelength, amorphous ice, which is a main component of
a CML, has two orders of magnitude larger absorption coefficient. Therefore,
studies to investigate the impacts of CML at these wavelength is important
for future GWDs.

We have theoretically estimated the impacts on optical loss induce by the
CML for future GWDs, which have not taken into account for their current
design. The results show the optical absorption by the CML can deteriorate
the performance of GWDs. The PRG, which is a merit of optical performance
of GWD, decreases due to the CML formation. We estimated the tolerable
CML thickness at which the degradation of PRG becomes 10%. The tolerable
thicknesses for the ET and LIGO Voyager are 60 nm and 25 nm, respectively,
while that of KAGRA is about 750 nm. Therefore, the optical performance of
future GWDs can be easily deteriorated by the CML formation.

Moreover, as the CML will be exposed to high power beam, it absorbs a
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large amount of heat. Assuming the Lambert-Beer law, the author revealed
that heat input to the cryogenic mirror can exceed the cooling capacity even
if its thickness is about 1 nm, which can hinder one to reach the target tem-
perature, resulting in worse sensitivity.

The heat input to the cryogenic mirror can exceed the cooling capacity
even at a ppm level optical loss and a nanometer level thickness for the case of
the ET because the absorption coefficient of CML is expected to be 2 ppm/nm
from the literature value of amorphous ice absorption coefficient. Therefore,
the optical loss characterization at a ppm level and a nanometer thickness level
is necessary to investigate the possible impacts on GWDs. Previous studies
investigated the impacts of CML on KAGRA, which employs shorter wave-
length laser than the ET or LIGO Voyager. However, the impacts of CML at
longer wavelength such as 1550 nm or 2000 nm had not been studied so far. In
order to characterize the optical loss and thickness of the CML with a ppm
and nanometer levels at 1550 nm wavelength, we have developed a cryogenic
folded cavity which consists of three mirrors — input and output mirrors,
and one folding mirror. The device enables optical loss measurement by ring-
down method at broadband temperature range, i.e., from room temperature to
∼ 10 K cryogenic temperature. One advantage of folding configuration is that
one can characterize the optical loss of very high reflective mirror. Moreover,
the folding mirror enables cavity enhanced ellipsometry measurement which
utilizes the phase shift induced by the folding mirror. The device and experi-
mental method developed here enables us to characterize the optical loss and
thickness of CML at longer wavelength, 1550 nm, where the impacts of CML
has not been studied so far.

The measurement of frequency shift between P- and S-polarization, called
P-S splitting measurement here, turned out to be a useful method to moni-
tor the cryogenically cooled mirror surface. As the frequency split shifts with
CML growth, one can estimate the CML thickness. The sensitivity of this
measurement to the CML thickness is mainly determined by the geometri-
cal parameters, folding angle and FSR of the cavity. In our setup, folding
angle is set to 22.5 deg and FSR is 1.84 GHz. Also we assumed the CML re-
fractive index as nCML = 1.19. From these values, the sensitivity to CML
thickness can be calculated as 0.56 MHz/nm. The uncertainty in the measure-
ment of the CML thickness is introduced by the statistical error, measurement
error related to the resonant width and systematic error due to the CML
refractive index. Measurement error related to the resonant width and sys-
tematic error due to the CML refractive index are calculated as ±0.09 MHz
and ±0.01 MHz/nm, respectively. In our setup, the error due to the reso-
nant width is converted as (±0.09 MHz)/(0.56 MHz/nm) = ±0.16 nm. Tak-
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ing these into consideration, the uncertainty of the CML thickness becomes
(±0.38±0.16±0.07) nm = ±0.42 nm.Therefore, the CML thickness can be mea-
sured by the cavity enhanced ellipsometry with an accuracy of about 0.5 nm.
By increasing the folding angle γ and the FSR of the cavity fFSR, a sensitivity
to CML thickness can be enhanced. Further optimizations of these geometri-
cal parameters may enable CML thickness measurements with higher accuracy.
Through these measurements, we have achieved the optical loss characteriza-
tion of CML at a ppm level and a nanometer level.

The measured optical loss of the CML shows large values even if its thick-
ness is a few nanometer. When the thickness of the CML is 2.38±0.27 nm, the
optical loss becomes 7.3±1.1 ppm. This result indicates that heat input to the
test mass in the ET becomes larger than 100 mW with 2.4 nm thickness, i.e.,
the heat input exceeds the cooling capacity. On the other hand, the obtained
result indicate that the Lambert-Beer law does not hold in very thin region
as it shows the discrepancy from the fitted curve assuming the Lambert-Beer
law. A recent simulation study by the LIGO Voyager group indicate that the
optical absorption of a CML can deviate from the Lambert-Beer law at very
thin region. However, the amount of deviation is too large compared to our ex-
perimental results. Further investigations are needed to precisely characterize
the optical loss for a very thin layer.

CML formation speed is an important factor from the view point of main-
taining a performance of cryogenic GWD. The study performed in KAGRA
shows the CML formation speed of 27 nm/day. Our setup has worse vac-
uum level and larger solid angle to room temperature part compared to those
of KAGRA. Therefore, large CML formation speed can be expected in our
measurement, about 1.1 × 103 nm/day. However, the CML formation speed
measured in our setup is only 0.6 nm/day, and about 2 × 103 times smaller
than the theoretical expectation from previous study in KAGRA. One possi-
ble reason is that this difference may come from the difference in geometry of
vacuum system between KAGRA and a table top experiment. Further studies
are needed to understand the CML formation speed both in GWDs and table
top experiments.

Besides the experimental study, we conducted numerical simulation to es-
timate the order of CML formation rate in the future GWDs. For the case of
the ET, the CML formation can be tolerable for 4 years with current design.
By employing 8 m long 4 K cryotrap instead of 5 m long one, the heat input
is reduced and the CML formation can be tolerable for 30 years. LIGO Voy-
ager can suffer the formation of CML after a half year of operation even if it
achieves designed vacuum level. As the length of the cryotrap in LIGO Voy-
ager is limited to about 10 m, it is difficult to mitigate the CML formation by
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employing longer cryotraps. Though they achieve the designed vacuum level,
unexpected degas or leakage can suddenly happen during long term operation,
and a certain amount of CML might be formed. Such accidental contamina-
tion reduces the detector’s performance and cannot be easily identified. Based
on the cavity enhanced ellipsometry measurement, we propose a conceptual
design of monitoring system for cryogenic mirror surface which can detect the
CML formation with high sensitivity. Such monitoring system will be able to
identify the CML formation and be useful not only for operation but also for
commissioning.

In the future, the device and ellipsometric measurement, developed in this
study, cab be used to develop the vacuum and cryogenic systems toward future
cryogenic GWDs. One possible application is a measurement in the prototype
detector such as Mariner, a prototype for LIGO Voyager [92]. Measurements
for characterization of the CML in such prototypes will provide the insights
into the formation rate or optical loss of the CML. Moreover, the cryogenic
folded cavity can be utilized for the R&D of the CML desorption system and
the direct measurement of coating thermal noise.

Our study revealed that the cryogenic molecular layer can become a critical
problem in future cryogenic GWDs. The developed cryogenic folded cavity and
cavity enhanced ellipsometry will help the design and the construction of future
cryogenic gravitational-wave detectors.
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Appendix A

Direct Measurement of Thermal
Noise

The mirrors and their suspensions are thermally fluctuated because they are
at a finite temperature. Thermal noise can be estimated by the fluctuation-
dissipation theorem (FDT) and relates to the mechanical loss materials. As
the mechanical loss of coating materials is much larger than that of substrates,
thermal noise from dielectric coatings, called coating thermal noise (CTN), sets
a limit in precision measurements such as gravitational-wave detection [20]. In
order to realize future cryogenic GWDs, the development of low thermal noise
coatings are necessary. Direct measurement of CTN at cryogenic tempera-
ture is important to develop new coatings. In this appendix, the direct CTN
measurement technique and possible upgrade plans toward the direct CTN
measurement are introduced.

A.1 Coating Thermal Noise

In order for a high reflective mirror such as a test mass in interferometric
GWD, multilayer coatings are indispensable though which introduced thermal
noise — this noise is called coating thermal noise (CTN). Thermal noise in
coatings limits the sensitivity of the current gravitational wave detectors, the
frequency reference and macroscopic quantum measurements. In other words,
the improvement in the sensitivity of GWDs can be achieved by reducing the
CTN with low mechanical loss coating, resulting in larger number of detection
of GWs.

The fluctuation-dissipation theorem (FDT) describes the relationship be-
tween a fluctuating force and mechanical dissipation [93]. The single side power
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spectral density (PSD) of the observable is given by [94]

Sx(f) =
8kBT

(2πf)2

Wdiss

F 2
0

, (A.1)

where kB is the Boltzmann’s constant, T is the temperature and f is the fre-
quency. And Wdiss is the averaged dissipated energy in the coatings when
subjected to a sinusoidal force F (t) = F0 cos 2πft, where F0 is the magni-
tude of the applied force to the system. The main mechanism which causes
the dissipation in coatings is the mechanical loss, and the dissipation can be
expressed as

Wdiss(f) =
2F 2

0 d(1 + σ)(1− 2σ)φc

w2
0Y

f, (A.2)

where σ and Y are the Poisson ratio and Young’s modulus of the coatings,
respectively, and w0 is the beam size.

A.2 Reduction of CTN

In order to reduce the thermal noises, several approaches are taken or being
developed. Thermal noise reduction methods are explained below.

A.2.1 Cryogenic Mirror

Thermal noise can be reduced by employing a cryogenic test mass because
thermal noise is proportional to the temperature. KAGRA employs cryogenic
sapphire mirrors for test masses and they are cooled down to 20 K [20]. The
future gravitational-wave detectors such as Einstein Telescope (ET) in Europe
is also planning to use cryogenic mirrors to improve the sensitivity [69].

Cryogenic mirror, however, can induce vibration contamination through the
heat links which in turns an undesirable noise. In order to achieve very low
test mass temperature i.e., below 100 K where the radiation is not dominant,
heat links are indispensable to extract heat from test masses. Heat links carry
not only heat but also vibration and become noise sources. Moreover, residual
gas molecules form molecular layers on cryogenic mirror surfaces which intro-
duces optical loss i.e., scattering and absorption and reduce the finesse of the
cavity [16, 58]. Therefore, one has to develop sophisticated cryogenic systems
to use cryogenic mirrors in gravitational-wave detectors.
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A.3 Direct CTN Measurement

by Using a Folded Cavity

Figure A.1: A schematic view of planned input optics for direct measurement of
coating thermal noise. There are three optical paths — one is to lock TEM00
mode, and other two are to lock TEM02/20 modes. The two higher-order-
modes are generated by shifting the laser frequency using AOMs. By taking
the beat note between TEM02 and TEM20 modes, one can measure the CTN.
The details of measurement scheme are reported in the reference [90, 91].

A.2.2 Beam Size and Shape

As the CTN scales the beam size, the larger beam size leads to smaller CTN.
In order for larger beam size, however, bigger mirror substrates have to be
developed. In addition, high quality polishing of mirror surface and coating
deposition are necessary. Therefore, enlarging the beam size involves several
technical problems.

Another approach is to use a different beam shape. The substrate size can
be maintained in this scheme while the effective beam area is larger. Different
beam shapes can reduce the CTN such as mesa beam [95] or Laguerre-Gaussian
33 mode [96]. On the other hand, such beam shapes require special mirror
shape and can be unstable due to the parametric instability [97].
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A.3 Direct CTN Measurement

by Using a Folded Cavity

Direct measurement of CTN by using a folded cavity is achieved at room
temperature [90, 91]. In our experiment, a similar geometric folded cavity is
used. Therefore, the cryogenic folded cavity developed here can be utilized
for direct measurement of CTN with several upgrades in the future. Fig. A.1
shows a planned schematic layout of the input optics.

A.3.1 Three Different Spatial Modes

In MIT experiment, they employ three different spatial modes to probe the
CTN.

Hermite-Gauss Modes

Laser beam has spatial modes which is called Hermite-Gauss (HG) modes. The
complete set of transverse distribution of HG modes can be expressed as [81]

umn(x, y, z) =(2n+m−1n!m!π)−1/2 1

w(z)
exp[i(m+ n+ 1)Ψ(z)]

×Hn

(√
2x

w(z)

)
Hm

(√
2x

w(z)

)
exp

[
−ik(x2 + y2)

2RC(z)
− x2 + y2

w2(z)

]
,

(A.3)

where n and m are the mode numbers. The order of the mode is n + m and
Hn(x) is the Hermite polynominals of order n.

In this measurement, three different spatial modes are used: one is TEM00,
and the other two are HOMs called TEM02 and TEM20. TEM00 mode is
used for stabilization of the laser frequency via PDH locking. Then, the CTN
is sensed by two HOMs which have different spatial distribution.

TEM00 mode

TEM00 is the fundamental spatial mode of Hermite-Gaussian beam. In this
experiment, TEM00 mode is used to stabilize the laser frequency via PDH
scheme. The TEM00 beam is kept on resonance by feeding back the error
signal to the laser.

TEM00 beam is phase modulated using EOM at 29.1 MHz for PDH locking
to a folded cavity, which stabilizes the laser frequency by feedback control.
Then the frequency stabilized laser will be split and shifted their frequencies
by double-pass AOMs in order to generate HOMs.
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TEM02/20 modes

TEM02/20 modes are the second lowest higher-order of HG beam which is
used to sense the CTN in this experiment. There are a number of reasons
to choose the TEM02 and TEM20 modes for the CTN measurement. First,
as they are the second lowest higher order modes, coupling into these modes
has no first order sensitivity to the misalignment of the cavity axis relative to
the input beam axis. Secondly, even order modes of the optical cavity can be
excited by the input beam in the fundamental mode. No special optics are
required to achieve 12% of the power coupling. Lastly, modes of the same
order are required to maintain a small separation in their resonant frequencies
and keep high common mode rejection to the cavity noises.

These modes are generated by shifting the laser frequency by using AOMs.
In our setup, two additional optical paths with double-pass AOMs are planed
to be employed to lock the TEM02/20 modes, and measure the CTN.

A.4 Related Noise

Direct measurement of CTN involves a number of noises. Here we introduce
several main noise sources which can prevent the measurement.

A.4.1 Seismic Noise

When we do precision measurements on the ground, seismic noise is an in-
evitable noise source which is dominant at lower frequency range. Seismic
motion causes mechanical vibration of optical table which couples to the read-
out signal via several mechanisms.

Fluctuations of the cavity length induced by the seismic motion couples to
the readout signal. The coupling can be reduced by common mode rejection.
Residual coupling between the TEM02 and TEM20 modes can be expressed
by

N02/20 =
∆f02/20

f0

Nlength (A.4)

where f0 = is the laser frequency and ∆f02/20 is the frequency difference be-
tween the two HOMs.

Vibrations of the cavity mirrors cause backscattering noise which couples
to the readout signal, which can be expressed as [90]

N02/20(f) = (α02 cos θ02 − α20 cos θ20)N(f). (A.5)
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The backscattering coefficient α can be determined by

α =

√
BRDF

λ2

πw2
0

, (A.6)

where BRDF ∼ 10−6 sr−1 is the bidirectional reflectance distribution function
of the sample mirror. Backscattering coefficients are slightly different from
each other as TEM02/20 modes sense the different area of the sample mirror
surface.

Mechanical motion of the input mirror induces noise in two ways. First,
the longitudinal motion Linput modulates the phase of the beams according to
the equation

N02/20(f) =
Linput

λ
2π

f

f0

L. (A.7)

Also the angular motion of the input mirrors modulates the intra-cavity power
which couples to the readout signal through the photothermal noise.

These noises induced by vibration are dominant at lower frequency region.
In order to reduce the vibration noise, a vibration isolation system is neces-
sary. Such an isolation system not only reduce the noise, but also vibration
contamination from a cryocooler, which hinders the lock of the laser. On
the other hand, a vibration isolation system reduces not only the vibration
contamination, but also the cooling capacity below ∼ 100 K. Further studies
are needed to implement the vibration isolation system which can work at
cryogenic temperature.

Residual gas noise

The residual gas along the optical path induces fluctuations in the phase of
light through their refractive index. The noise level of the residual gas noise
is expressed as

Sgas =
√

8πL
(n0 − 1)2

(A0/V0)u0

√
λ

(
p

p0

)(
T0

T

)3/2

, (A.8)

where n0 is the refractive index of the gas, V0 is the volume of one mole of gas at
the standard temperature, T0, A0 is the Avogadro’s number and u0 is the mean
velocity of the gas molecule at the standard temperature [98]. At cryogenic
temperature, the vacuum level is enough high due to the cryopumping, and
the residual gas noise can be much smaller than the CTN.
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Shot Noise

Shot noise is fundamental noise which is derived from the nature of quantum
mechanics. Shot noise can be understood as photon counting error at a PD in a
classical view [99]. In a modern picture, it can be considered as a consequence
of the vacuum fluctuation in the electric magnetic field. It results in white
noise and can be expressed as

Sshot =
λ

8F

√
2hν

Pin

√
1− J2

0 (Γ)M√
2MJ0(Γ)J1(Γ)

, (A.9)

where Jk(Γ) is the k-th order of the Bessel functions and M is the mode-
matching ratio. As the shot noise is in proportion to the inverse of the square
root of the laser power, its noise level can be reduced by increasing the laser
power. Larger laser power, however, introduces large heat input to the cryo-
genic folding mirror. Careful choice of the laser power may be required to
measure the CTN.
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Appendix B

Angular Response

In this appendix, we introduce the analytical calculation method for angular
response of an optical cavity which reduces the cost for calculation.

Angular drifts directly introduce misalignment in the cavity axis. Such a
misalignment can deteriorate detector sensitivity and stability by increasing
a few noise couplings including those to length fluctuation and beam jitter.
Moreover, angular misalignment causes light in the fundamental mode to be
coupled into higher-order spatial modes, reducing the amount of power injected
to the main part of gravitational wave detector. This directly decreases the
detector sensitivity. Therefore, it is crucial to maintain the alignment of the
IMC to achieve the detector operation with the best performance. In order to
reduce angular misalignment, an alignment sensing and control (ASC) system
is adopted by using the wave front sensing (WFS) technique [100, 101].

The WFS technique is sensitive to small tilts of the mirrors, and the WFS
signals are obtained by demodulating signals detected by quadrant photodiodes
(QPDs) [102]. Since the signals derived by the WFSs have a Gouy phase
dependence, one has to precisely estimate its behavior and choose the QPD
positions carefully in order to discriminate which mirror causes misalignments
in either pitch or yaw. Previous report shows the analytical calculation of the
WFS signals [102, 103]. These approaches, however, contain complexities due
to the fact that the non-diagonal matrix elements are fully incorporated in the
calculation. Therefore, the WFS signals of the IMC have been traditionally
computed by simulation tools such as Finesse [104] or Optickle [105], and it
was not easy to acquire intuitive interpretations.

The x and y axes of the coordinate system are chosen to be transverse to the
beam propagation (z axis) which is perfectly aligned. We additionally assume
that the y axis always points upwards regardless of the propagation direction.
This automatically means that the x axis needs to be mirrored every time the
light is reflected by a mirror. One can expand any paraxially approximated
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electromagnetic fields of light beams by a set of Hermit-Gaussian (HG) modes
as [76]

E(x, y, z) =
∑
lm

〈lm|E〉Ulm(x, y, z), (B.1)

〈lm|E〉 ≡
∫ ∞
−∞

∫ ∞
−∞

U∗lm(x, y, z)E(x, y, z)dxdy. (B.2)

The coefficients 〈lm|E〉 can be represented as the elements of the vector in
the modal space. For small misalignment due to the mirror tilts, the only
important modes are fundamental TEM00 mode and the second lowest-order
transverse modes, TEM10 and TEM01 [102]. Angular motions of a mirror in
pitch correspond to rotations of the mirror about x axis and excites a small
amount of the TEM01 mode. Similarly, yaw is a rotation about the r axis,
exciting a TEM10 mode. For simplicity, we assume that an angular misalign-
ment exists only in pitch and leave TEM01 mode only into the consideration
in the rest of this section.

We now consider a simple setup as shown in Fig. B.1 and shows how the
linear approximation can be placed. Although a simple example is used, the
argument here holds for any optical cavities as long as angular misalignment
are sufficiently small. We define a collection of the field vectors containing the
two sets of the fields i.e., one set from node 1 and the other from node 2.

~E00 ≡

〈00|E〉1
〈00|E〉2
〈00|E〉3

 . (B.3)

These fields are related to each other and can be expressed in a matrix form [81],

 0 0 r1e−iΦ1

r2e−iΦ2 0 0
0 r3e−iΦ3 0

〈00|E〉1
〈00|E〉2
〈00|E〉3


+

t1〈00|E〉
0
0

 =

〈00|E〉1
〈00|E〉2
〈00|E〉3

 , (B.4)

where Φi (i = 1, 2, 3) is a one-way trip phase shift and ri are reflectivities of
each mirror. The incoming beam is assumed to be perfectly aligned to the
cavity. In other words, only a TEM00 mode is pumped into the system.
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Figure B.1: The electric fields and nodes of a triangular cavity system. Red
arrows and black dots represent electric fields and nodes, respectively. The
misalignment of input mirror induces perturbation in the promptly reflection.
The sign flip upon reflection of fields is labeled by ”+” and ”−” symbols.

To reduce clutter, we introduce a matrix and vectors as

M̂00 ≡

 0 0 r1e−iΦ1

r2e−iΦ2 0 0
0 r3e−iΦ3 0

 , (B.5)

~E00,in ≡

t1〈00|E〉
0
0

 . (B.6)

Then, one can rewrite Eq. (B.4) as

M̂00
~E00 + ~E00,in = ~E00. (B.7)
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Similarly, the TEM01 mode fields satisfy the following relation,

M̂01
~E01 = ~E01, (B.8)

where

~E01 ≡

〈01|E〉1
〈01|E〉2
〈01|E〉3

 , (B.9)

M̂01 ≡

 0 0 r1e−i(Φ1+η1)

r2e−i(Φ2+η2) 0 0
0 r3e−i(Φ3+η3) 0

 . (B.10)

ηi (i = 1, 2, 3) represents a Gouy phase shift.
Small angular misalignments are introduced in pitch which transfers a frac-

tion of the TEM00 modes to TEM01 and vice versa [102]. We will express these
perturbations using normalized rotation angles, Θi, (i = 1, 2). These angles are
normalized by divergence angle of the beam, λ/πw(z), and expressed as

Θi ≡ 2
πw(z)

λ
θi, (B.11)

where the θi is a small rotation of each mirror, λ is the wavelength of light and
w(z) is a beam size at a position of z [102]. By using this normalized angle,
the angular misalignment matrix is defined as

Θ̂ ≡

 0 0 −ir1e−iΦ
′
1Θ1

−ir2e−iΦ
′
2Θ3 0 0

0 −ir3e−iΦ
′
3Θ2 0

 , (B.12)

where Φ′i represents the one-way trip phase shift for TEM00 or TEM01 modes.
Then one can express the fields with pitch angular misalignments as

M̂00
~E00 + ~E00,in + Θ̂ ~E01 = ~E00, (B.13)

M̂01
~E01 + Θ̂ ~E00 = ~E01. (B.14)

Since the incoming beam is pure TEM00 mode, TEM01 mode only exists when
there is an angular misalignment. The fields of TEM01 mode can be written
as

~E01 = (I − M̂01)−1Θ̂ ~E00

= (I − M̂01)−1Θ̂(I − M̂00)−1( ~E00,in + Θ̂ ~E01), (B.15)
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Figure B.2: The block diagram.

where I is the identity matrix Here we substituted ~E00 given by Eq. (B.13).
Since the angular misalignment angle is so small that one can ignore higher
order termO(Θ̂2). In fact, this is the essence of our linear approximation. With
this linear approximation, TEM01 fields excited by angular misalignments can
be expressed as

~E01 ≈ (I − M̂01)−1Θ̂(I − M̂00)−1 ~E00,in. (B.16)

One can express TEM10 fields introduced by angular misalignments in the
same manner.

Our method, in comparison to the previous study which accompanies higher
orders to compute the angular response as shown in Fig. 4 in Ref. [102], ob-
viously simplifies the resulting solutions at a cost of losing the accuracy in
particular when the amount of misalignment is large. However, in practical
experiments, the angular drifts are suppressed by active controls and therefore
the amount of misalignment is typically small enough that our approximation
is valid.

Besides, another advantage of the linearization is that the entire analysis
can be expressed by a block diagram as shown in Fig. B.2 similarly to those
used in the classical feedback control theory [106]. Such block diagrams can
help ones to acquire comprehensive physical pictures and one can visualize how
the misalignment grows up inside the optical cavity.

B.1 Angular Response of a Triangular Cavity

We now consider the case in which a triangular cavity is in the form of isosceles
triangle with the length of one side much shorter than the other two.The
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incoming laser beam is assumed to be injected to the shorter side. Fig. B.2
shows a block diagram for the system with the mirrors misaligned by some
small amounts.

The free-space propagator can be defined as

P̂L,l = diag
(
e−iΦL,l , e−i(ΦL,l−ηL,l), e−i(ΦL,l−ηL,l)

)
, (B.17)

where its subscript, L and l, correspond to the length of propagation. The
matrices t̂ and r̂ denote the transmission and reflection matrix of the mirror
as,

r̂i = diag(ri,−ri, ri), (B.18)

t̂i = diag(ti, ti, ti), (B.19)

where the subscripts, i = 1, 2, 3, express each mirror of the IMC. It should be
noted that the sign of reflectivity for TEM10 is negative due to the mirroring
effect which flips the coordinates left-to-right in the horizontal plane. Com-
bining these matrices, the cavity round-trip propagator, P̂rt, can be expressed
as

P̂rt ≡ P̂Lr̂2P̂Lr̂3P̂lr̂1

= re−iΦrtdiag
(
1,−eiηrt , eiηrt

)
, (B.20)

where r ≡ r1r2r3 is a total reflectivity of the system which is merely a multi-
plication of the amplitude reflectivity from all the mirrors and ηrt represents a
round-trip Gouy phase. Using the round-trip propagator, one can express the
fields inside the cavity as

~Ecav = (I − P̂rt)
−1t̂1 ~Ein. (B.21)

In practical experiments, the phase modulated laser beam which can be
split into the carrier and the sidebands is widely used in order to lock the laser
to the cavities. Assuming that the cavity is kept resonant for the carrier i.e.,
e−iΦrt = 1, then one can define the cavity gain for the carrier in the form of
each HG modes as

G00 ≡
1

1− r
, (B.22)

G10 ≡
1

1 + reiηrt
, (B.23)

G01 ≡
1

1− reiηrt
. (B.24)
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]

Figure B.3: The block diagram.

It should be noted that the sign of cavity gain is flipped between TEM01 and
TEM10 modes due to the mirroring effect for horizontal axis.

On the other hand, the cavity gain for the sidebands which are kept off-
resonant can be written as

GSB
00 ≡

1

1 + r
. (B.25)

Here we assumed that the reflectivity for both upper and lower sidebands are
identical. When the reflectivities of mirrors are high i.e., ri ≈ 1, the cavity
gain for the sidebands are much smaller than that of the carrier. Therefore,
ignoring the effect of the sidebands inside the cavity, we will consider only the
carrier field for the intra-cavity fields. Then Eq. (B.21) can be rewritten as

~Ecav = diag(G00, G10, G01)t̂1 ~Ein. (B.26)

Thus each HG mode excited by angular misalignment is built up inside the
cavity as characterized by each cavity gain.

B.2 Beam Spot Response

The response to the beam spot positions is one of the most important prop-
erties to understand the behavior of a triangular cavity. The lateral shift of
the beam on each mirror can be derived by evaluating the real part of the
coefficients for the 01 and 10 modes. For the purpose, let us expand a field
into real and imaginary parts as,

A (U00 + CU01,10) (B.27)
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where C is a complex number which can be expressed using a small beam
translation a and a small tilt α [107],

C =
a

w0

+ i
kw0

2
α, (B.28)

where w0 is the beam size at its waist and k is the wavenumber. Eq. (B.28)
tells the real part of C denotes the beam translation and the imaginary part
denotes the beam tilt. Therefore, the beam spot translation can be derived
from the real part of normalized coefficient, C, of TEM01/10. The notations
of angular tilts and axes on the mirrors are as shown in Fig.B.3.

Evalating the real part of the field on each mirror and approximating all
the mirrors to be a perfect reflector i.e., ri = 1 (i = 1, 2, 3), one can find the
following relation between the mirror tilts and resulting variation in the beam
spot as y1

y2

y3

 = −R

 g 1 g + 2l
R

1 1 1
g + 2l

R
1 g

θ1

θ2

θ3

 , (B.29)

where g is the g-factor, defined as

g ≡ 1− L+ l

R
, (B.30)

and yi (i = 1, 2, 3) describe vertical displacements of the beam along the y-axis.
A detailed calculation for obtaining Eq. (B.29) is presented in Appendix A.

Since MCs 1 and 3 have an incident angle of approximately π/4, the y1

axis and the y3 axis are rotated π/4 around the z axis with respect to the y
axis [104]. Therefore, an effective misalignment angle in pitch is reduced by
cos(π/4) = 1/

√
2, so that

ψ1,3 =
1√
2
θ1,3. (B.31)

The axis y is same as the axis on the mirror v. Hence the beam spot displace-
ment on the mirror can be written asv1

v2

v3

 = − R√
2

 g
√

2 g + 2l
R

1
√

2 1

g + 2l
R

√
2 g

ψ1

ψ2

ψ3

 . (B.32)

Eq. (B.32) shows us how the eigenmode of triangular cavity transforms as a
function of the tilt of each mirror.
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Mirror positions may not always be preferable DoFs. They can be converted
into the ones representing the translation and tilt of the beam at the waist,
and the spot position on MC2 asyw

θw

v2

 ≡
v1+v3

2
v1−v3

2l

v2

 =

 1
2

0 1
2

1
2l

0 − 1
2l

0 1 0

v1

v2

v3

 . (B.33)

In addition, we convert the actuation basis into MCs 1 and 3 common and
differential motions expressed asψc

ψd

ψ2

 ≡
ψ1+ψ3

2
ψ1−ψ3

2

ψ2

 =

1
2

0 1
2

1
2

0 −1
2

0 1 0

ψ1

ψ2

ψ3

 . (B.34)

By using these bases, the beam spot response to pitch angular misalignment
can be summarized asyw

θw

v2

 =

√2(L−R) 0 −R
0

√
2 0

−
√

2R 0 −R

ψc

ψd

ψ2

 . (B.35)

Eq. (B.35) shows that misalignment in MC2 cannot access to the tilt at the
waist position, and only shift the plane of cavity eigenmode. Common angular
tilt rotates cavity eignemode around the center of curvature as shown in figure
19. in [108]. Differential tilt does not change the spot on the curved mirror
and the waist, though the tilt at waist is rotated.

In the same way, yaw misalignment can be computed asx1

x2

x3

 =

 ξ − l
g
−ξ

− l
g

L+l
g
− l
g

−ξ − l
g

ξ

φ1

φ2

φ3

 . (B.36)

where xi is defined as ξ ≡ L + l(1 − L/R)/g. When the displacements per-
pendicular to the beam, x1 and x3, are projected on each mirror, MCs 1 and
3, the displacements on the mirror surface are enhanced by 1/ cos(π/4) =

√
2.

Therefore, Eq. (B.36) can be written ash1

h2

h3

 =


√

2ξ −
√

2 l
g
−
√

2ξ

− l
g

L+l
g

− l
g

−
√

2ξ −
√

2 l
g

√
2ξ


φ1

φ2

φ3

 . (B.37)
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The bases can be converted in the manner same as that for pitch by using the
relationship expressed asxw

θw

h2

 ≡
 (h1+h3) cos(π/4)

2
(h1−h3) cos(π/4)

2l

h2

 =

 1
2
√

2
0 1

2
√

2
1

2
√

2l
0 − 1

2
√

2l

0 1 0

h1

h2

h3

 , (B.38)

φc

φd

φ2

 ≡
φ1+φ3

2
φ1−φ3

2

φ2

 =

1
2

0 1
2

1
2

0 −1
2

0 1 0

φ1

φ2

φ3

 . (B.39)

It should be noted that the effect of
√

2 enhancement due to the projection on
MCs 1 and 3 is cancelled. Then the beam spot response to yaw misalignments
can be expressed asxw

θw

h2

 =

 0 −2L 0
2(−L+R)
L−R+l

0 − R
L−R+l

2Rl
L−R+l

0 −R(L+l)
L−R+l

φc

φd

φ2

 . (B.40)

Eq. (B.40) shows that only misalignment in MCs 1 and 3 differential motion
can access to the beam waist shift. The beam waist tilt and MC2 spot position
change can be expressed by a combination of MCs 1 and 3 differential motion
and MC2 motion.

These results are fully consistent with the previous analysis based on the
geometrical argument [108]. Therefore, this linear approximation offers an
alternative method to compute variations in the spot positions without elab-
orating the geometrical analysis.

B.2.1 Wave Front Sensing Signals of the IMC

The WFS technique is sensitive to small tilts of the mirrors. The signals
are obtained by demodulating the intensity information detected by quadrant
photodiodes (QPDs) [102] in similar manner to the Pound-Drever-Hall (PDH)
technique [77]. When one of the mirrors is misaligned, it excites the second
lowest-order transverse modes, namely the TEM10 or TEM01 in the carrier.
The WFS signals are essentially the interference between the TEM00 of the
sidebands and the TEM01 or TEM10 modes of the carrier.

We assume that the incoming light is a purely phase modulated TEM00
mode described as

~Ein =

〈00|E〉in
0
0

 . (B.41)
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Phase modulated input laser beam, which is used in PDH scheme, can be
expressed as

〈00|E〉in ≈ [J0(m)eiΩt+J1(m)ei(Ω+ωm)t

− J1(m)ei(Ω−ωm)t]× 〈00|E〉 (B.42)

where Ω corresponds to the angular frequency of the carrier field, ωm is the
modulation angular frequency, m is the modulation depth and Jk(m) is Bessel
functions of the first kind.

By measuring the differential of reflected field using a horizontally and ver-
tically split photodiodes, QPD, for pitch and yaw, one can obtain the intensity
information, SQPD, which can be expressed as

SQPD ∝
∫ ∞

0

dx
(
~E†refl · ~Erefl

)
−
∫ 0

−∞
dx
(
~E†refl · ~Erefl

)
. (B.43)

The fields at reflection port of each mode can be calculated by multiplying
propagators. The WFS signals are obtained by demodulating the signals,
SQPD, with the modulation angular frequency, ωm. After some math, one can
derive the WFS signals described as

WFS = iP0J0(m)J1(m)
[
U∗00(G00G10,01eiη̄ΘU10,01)

− U00(G00G10,01eiη̄ΘU10,01)∗
]
, (B.44)

where P0 denotes the optical power of the input laser beam and η̄ is a spcific
Gouy phase which depends on the misaligned mirror. When we apply param-
eters of KAGRA IMC, the WFS signals can be calculated as shown in Fig.
B.4.

B.3 Implication to Experiment

The IMC has three DoFs for angular misalignments in both pitch and yaw.
On the other hand, the number of observable DoFs by the WFS technique
is only two since the WFSs sense the difference between the two beams —
the incoming and intra-cavity beams. In this section, the observable degrees
of freedom (DoFs) of the IMC are discussed for the case where the incoming
beam is injected to the shorter side of the IMC such as KAGRA [20]. For the
other case where the incoming beam is injected to longer side of the IMC such
as aLIGO [23], the results are shown in Appendix B for completeness.

The singular value decomposition (SVD) is one of the useful tools in order
to understand what DoFs can or cannot be sensed. The SVD is widely used
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for data analysis [109]. The WFS signals contain beam tilt and translation
components and are expressed as bellow by using a sensing matrix Ŝ,

(
tilt

trans.

)
= Ŝ

θ1

θ2

θ3

 , (B.45)

where Ŝ is a 2× 3 matrix and its elements can be written by using the cavity
gain and Gouy phase shift. This sensing matrix can be expressed by geometri-
cal parameters with high reflective approximation (ri ≈ 1) and incoming beam
is pure TEM00 mode. Then we will apply SVD to rewrite them to determine
which DoFs are observable by the WFS technique.

In the case of the geometry used in KAGRA [20], one can obtain the
relationship between the WFS signals and mirror tilt angles in pitch as

(
tilt

trans.

)
Pitch

=
√

2γw0

(
gγ 0 −gγ
−g −

√
2 −g

)ψ1

ψ2

ψ3

 , (B.46)

where γ ≡ (L + l)/zR, and w0 is beam size at its waist. Adopting the SVD
analysis, one can arrive at

ŜPitch =
√

2γw0I

(
gγ 0 0
0 1 0

) 1 0 −1

−g −
√

2 −g
1 −

√
2g 1

 . (B.47)

It is clear that one the DoF shown in the lowest row in the rightmost matrix.
On the other hand, the first and second rows are observable. They correspond
to MCs 1 and 3 differential motion and the combination of MCs 1 and 3 com-
mon and MC2 motion, respectively. Comparing to Eq. (B.35), one can identify
that the observable DoFs correspond to the beam waist tilt and translation.

For the case of yaw, the sensing matrix can be written as

(
tilt

trans.

)
Yaw

=
√

2γw0

(
−g 1 −g
−gγ 0 gγ

)φ1

φ2

φ3

 . (B.48)

The decomposed form can be expressed as

ŜYaw =
√

2γw0I

(
g 0 0
0 gγ 0

)−1 1
g
−1

−1 0 1
1 2g 1

 . (B.49)
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The observable DoFs are the combination of MCs 1 and 3 common and MC2
motion and MCs 1 and 3 differential motion. Similarly to the pitch case, these
observable DoFs correspond to the beam waist tilt and translation. Therefore,
when the beam is injected to the shorter side of the IMC, the beam waist tilt
and translation are observable.

B.4 Conclusion

We have presented the linear approximation method that can simplify the
analytical calculation of angular response of optical cavities. The method
enables us not only to simplify the calculation but also to make equivalent
block diagrams which can bring comprehensive pictures.

The method was applied to a triangular cavity called the input mode clean-
ing cavity. The angular response to the shift in the beam spots and the WFS
signals of the IMC in gravitational wave detectors were explicitly given by this
approach. The results are consistent with the previous report which conducted
a completely different approach — geometrical analysis.

Finally, the WFS sensing matrices are analyzed via the singular value de-
composision scheme in order to study the observable DoFs of the IMC. When
the incoming beam is injected to the shorter side of the IMC, the observ-
able DoFs by the WFS scheme are determined to be the beam waist tilt and
translation.

The linear approximation method presented in this article can be applied to
optical systems which are more involved, including the main interferometer of
gravitational wave detectors. The linear approximation method should be able
to give deeper insight into the fundamental comprehension of the gravitational
wave interferometers.
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Figure B.4: The WFS signals of KAGRA IMC. Upper figure shows the pitch
WFS signals and lower figure shows that of yaw.
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