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Abstract

Gravitational wave is a propagation ripple of space-time at the speed of light, predicted
by Albert Einstein around a century ago. Since the gravitational wave has extremely
weak interaction against material, the permeability is very high. This also means that
the gravitational wave should be a new observation window to the universe. Hulse and
Taylor showed the existence of the gravitational wave indirectly by the observation of
a binary pulsar. They received the Nobel Prize in 1993 for this discovery. But the
gravitational wave has not been observed directly until now.

For creating a new gravitational wave astronomy, large interferometer gravitational
wave telescopes such as Advanced LIGO, Advanced VIRGO, GEO and KAGRA are under
upgrade or being built currently. The most common type telescope for the gravitational
wave is currently large Michelson interferometer. The Michelson interferometer measures
the change of the distance between “free” masses (actually, suspended mirrors). Because
the effect of the gravitational wave is extremely weak, many noises should be suppressed.
For example, in order to suppress the seismic vibration noise, multi suspension systems
are used for the mirrors in the telescopes. Besides this seismic motion, thermal noise from
the mirrors, coatings and suspension are also the fundamental noise sources.

KAGRA is the project to construct the first km-scale cryogenic interferometric gravita-
tional wave telescope (for thermal noise reduction) in the Kamioka mine, an underground
site with a small seismic motion. The main mirror of KAGRA will be held by a cryogenic
suspension system under a super seismic attenuation system. A study of this cryogenic
suspension system which holds the cryogenic mirror is necessary to confirm and improve
the performance of KAGRA. The cryogenic suspension system consists of a platform, an
intermediate mass, a recoil mass of the intermediate mass, a recoil mass for the mirror
and a sapphire mirror suspended by sapphire fibers. The cryogenic suspensions will be
cooled down to ∼20K using cryostats. Each cryostat consists of double radiation shields
surrounding the cryogenic suspension system in a vacuum chamber. Four pulse tube cry-
ocoolers for each cryostat will cool the shields. This suspension system will be cooled
by thermal radiation and thermal contact via the fibers and soft heat links between the
suspension and the cryocoolers. There are two issues to be investigated in the suspension
and cooling system, which are described in this thesis. One is the suspension thermal
noise from the sapphire suspension system. The other one is the vibration noise from the
cooling system via heat links.

The sapphire suspension consists of a mirror, two ears attached on the mirror, four
fibers with heads suspending the mirror with the ears, and four blades to support the
fibers. All of these components are made of sapphire. Moreover, Hydroxide Catalysis
Bonding (HCB) and detachable indium bonding will be used between the mirror and the
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ear, and between the ear and the fiber head, respectively. In designing this system, we
need to know the mechanical loss, the heat conductivity and the strength of each part
of the sapphire suspension system. These topics are the main parts of this thesis. The
thermal noise is smaller when the mechanical loss is smaller. The thermal resistance
should be small otherwise the mirror can not be cooled. In order to support the 23kg
sapphire mirror, the strength must be enough large.

Mechanical loss of fibers, HCB and indium bonding at low temperatures is investigated.
Our measured lowest mechanical loss is 1.1×10−7 which is better than the required value of
2×10−7. The author and colleagues also measured the mechanical loss of indium bonding
and HCB. We bonded two sapphire cylinders by each bonding technique and measured
the mechanical dissipation of these sapphire cylinders. In the result the measured loss of
the indium bonding was 3.1× 10−3, which is lower than the requirement value 1.5× 10−2.
The measured HCB mechanical loss was below 1.0 at 20K, which is also smaller than the
requirement value of 1.0. Therefore, all of the measured mechanical losses satisfied the
requirements.

We also measured the heat extraction by the fiber, indium bonding and HCB. We mea-
sured thermal conductivity of sapphire fibers with nail heads and found that the values are
between 5500W/m/K and 6500W/m/K and larger than the requirement, 5000W/m/K.
We also measured the thermal resistance of the bonded sapphire samples to determine if
the bonding had significant thermal resistance at low temperatures. In the result we found
the bondings will not influence the heat extraction from the mirror. So every component
also satisfied the requirement in terms of the heat extraction.

Strength test of fibers had been done by our collaborators. According to the results,
all of the fibers could hold a mass at least 6 times heavier than the case of KAGRA. In our
laboratory, we performed strength tests for the bonding technique, especially for HCB,
which will hold the mirror mass. Since the cryogenic suspension is thought to experience
20 thermal cycles in 10 years at most, we did a strength test at liquid helium temperature
after 10 and 20 thermal cycles for the bonded samples by HCB. Then all of the samples,
including samples after 20 thermal cycles had higher strength than the required value
1MPa. Because the indium bonding surfaces are not designed to hold any masses, the
strength test for this bonding is not necessary.

Therefore, all of the components of the sapphire suspension system in concern were
studied and satisfied the requirements at last.

Another important issue is the vibration noise from the cooling system. In order
to estimate the influence, we measured the vibration of the radiation shield of KAGRA
cryostat at cryogenic temperatures for the design of cryogenic payload. This vibration
could shake the mirrors. Two cryogenic accelerometers were developed. (One of them is
developed by collaborators at the Rome university.) We measured the vibration of the
cooled radiation shield during a cooling test of the KAGRA cryostat in Toshiba Keihin
Product Operations, Yokohama. We investigated how the shield vibration is different from
the ground motion. Moreover, we also checked how the operation of cryocooler changes
the vibration spectrum. We evaluated the radiation shield vibration at the KAGRA site,
of which seismic motion is two order of magnitude lower than that around Toshiba. Then
we calculated the displacement noise because of this radiation shield vibration through
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the heat links and the cryogenic suspension system. We found this displacement noise
can exceed the design sensitivity of KAGRA. Accordingly, we proposed an additional
vibration attenuation system for the vibration of the cooling system. This system can
suppress the displacement noise below the design sensitivity of KAGRA.

As a result, we can construct a reliable cryogenic sapphire suspension using these
components and techniques, and also the vibration due to the cooling systems will not
make a significant noise.

KAGRA will be the first km-scale cryogenic telescope using the cryogenic mirror sus-
pension systems, which will be necessary for future ground-based telescopes including
the Einstein Telescope: a next generation gravitational wave telescope which will have
cryogenic mirrors and locate in the underground. Cryogenic type interferometers have
a potential that allows us to achieve a much higher sensitivity, which can observe more
gravitational wave events and make new discoveries in physics and astronomy. The study
in this thesis about the cryogenic suspension is a significant milestone for the future
gravitational wave telescopes and also for a new gravitational wave astronomy.
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Chapter 1

Introduction

Gravitational wave is a propagation ripple of space-time at the speed of light, predicted
by Albert Einstein around a century ago [1]. Since the gravitational wave has extremely
weak interaction against material, the permeability is very high. This is why people are
expecting using this gravitational wave to observe the universe. Several decades ago, Hulse
and Taylor showed the existence of the gravitational wave indirectly by the observation
of the binary pulsar PR1913+16 [2]. Their observational result of the change in the
revolution period accords well with expectation from the general theory of relativity.
Nevertheless, the gravitational wave has not been observed directly even after a century
from Einstein’s prediction.

Many groups in the world are developing gravitational wave telescopes to observe the
faint ripples of space-time. There are mainly four projects developing large laser inter-
ferometer gravitational wave telescopes, which are the most common type. They are
Advanced LIGO[3], Advanced VIRGO[4], [5], GEO-HF[6] and KAGRA[7], [8]. These
telescopes are under upgrade or being built currently. These telescopes are so called the
second generation gravitational wave telescopes compared to the first generation tele-
scopes like TAMA300[9], GEO[10], VIRGO[11] and the LIGO interferometer[12]. The
second generation telescopes have about one order better sensitivity than what the first
generation telescopes have in terms of strain: the observable volume becomes 1000 times
lager. In addition, KAGRA being constructed under the ground for low seismic vibration
and will use cooled mirrors to suppress the thermal noises. These two specific features are
the first challenges for the km-scale interferometers. These techniques will also be used in
the third generation telescope like the Einstein Telescope (ET)[13], which will have one
order better sensitivity than what the second generation telescopes have. This is why
KAGRA is also called 2.5 generation.

In order to measure an extremely small distance change between mirrors, any dis-
placement noises should not be larger than gravitational wave signals. In order to make
mirrors in an interferometric detector free mass, mirrors of KAGRA will be suspended
in a manner similar to other gravitational wave telescopes. The main mirror of KAGRA
will be suspended by four sapphire fibers, called a sapphire suspension system. This sap-
phire suspension system is included in the cryogenic suspension system. This cryogenic
suspension system will be cooled down by cryocoolers through metal heat links as a heat
path at low temperatures.
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There are two issues about the cryogenic suspension system reported in this thesis.
The first one is the vibration noise from the cooling system. An increase of the

vibration from the cooling system was observed in CLIO [14], [15] which is a 100m
cryogenic interferometer in 2006 [16]. After the experience in CLIO, the cryostat for
KAGRA was designed to be as rigid as possible. To check the case of KAGRA, a vibration
measurement of the KAGRA cryostat was performed.

The other one is the design of the cryogenic sapphire suspension system. The main
mirror made of sapphire will be suspended by four sapphire fibers1 in the cryogenic sap-
phire suspension system. It is difficult to use two sapphire fibers which have “U” shape to
suspend the mirror because the fibers which should have 1.6mm diameter to extract heat
can not be bent to fit the curvature of the mirror perfectly. To construct this sapphire
cryogenic system, two kinds of bonding techniques will be used. For designing this system
what have to be considered is the mechanical loss which is linked to the thermal noise,
the thermal conductivity and the strength of each component.

Mechanical loss measurement

The suspension thermal noise depends on the temperature and the mechanical loss of
each parts of the sapphire suspension system. In order to estimate the thermal noise,
measurements of the mechanical losses at low temperatures are necessary.

Mechanical loss measurements of a sapphire cylinder shape fiber, whose diameter is
0.25mm, were performed by T. Uchiyama et al in 2000 [17]. The result was acceptable for
KAGRA. But after 15 years from then, the design has to be changed because many more
realistic parameters had been obtained including the absorption of the mirror, thermal
conductivity of the fiber. Given a preliminary estimation of the thermal conductivity and,
consequently, of the required thickness of the four suspension fibers made of sapphire,
providing a figure of 1.6 mm diameter by 300 mm length. Therefore a new measurement
of the mechanical loss, adopting the realistic shape and feasible clamping strategy is
necessary. In this thesis the mechanical loss measurements of new fibers with heads are
reported.

In order to estimate the required values of the mechanical losses, Levin’s method was
used [18]. This is also the first estimation of the thermal noise for a suspended mirror
system by this method.

The measurements of mechanical loss at low temperatures in bonded sapphire elements
have never been reported until this thesis. The author and colleagues measured the
mechanical loss at low temperatures through Hydroxide Catalysis Bonding (HCB) and
indium bonding, which are the best candidates for bonding mirror suspension parts in
KAGRA suspensions.

Thermal conductivity

Because the mirror and its coating absorb the power of the laser during the interferometer
operating, in order to keep the temperature of the mirror at 20K, the sapphire suspension

1The number of the fibers should not be lager because the violin mode of the fiber can split up into
many peaks in the observation frequency region of KAGRA.
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system should transfer the absorbed heat to the upper stage of the pendulum system.
Thus, thermal conductivity of the fiber and the bonding surfaces should be known.

Thermal conductivity measurements of sapphire cylindrical fibers, namely without any
head at the terminals were measured by T. Uchiyama et al and T. Tomaru et al [19] [81].
What they measured were the fibers that had several hundred µm in diameter without
any heads. As mentioned above, the most reasonable shape of the fibers adopted for
KAGRA is 1.6mm diameter by 300mm length, terminated with bulky heads on both the
ends, designed to be bonded. Since the surface component of the thermal conductivity
plays a role in the overall thermal conductivity of a sample, several measurements on 1.6
mm diameter samples have been performed and discussed in the context of this thesis.
The thermal conductivity measurements of the shaped fibers are reported in this thesis.
Cryogenics compliant bonding techniques experiments were reported in a previous study
for the HCB by T. Suzuki et al, which shows a thermal conductivity measurement of
a bonded sapphire sample by NGK Insulators LTD and bonded by a research group in
Stanford University [20]. The samples studied in this thesis have been produced by Impex
[53] and bonded by ourself through a collaboration with a research group in Glasgow that
has optimized HCB for sapphire. In the case of the indium bonding, there are not any
previous studies at low temperatures for sapphire block. This is the first study fully
dedicated to the implementation of such techniques for assembling a cryogenic sapphire
suspension.

Strength

In order to suspend the 23 kg mirror, sapphire fibers and HCB should have enough
strength. The strength test was performed for the sapphire fibers which will be used
in Glasgow by collaborators in the Glasgow and Roma groups. On the other hand, a
strength test for HCB has been reported by T. Suzuki in their paper [20]. Their strength
test was performed at room temperature and the sample had no experience of low temper-
atures. The strength test of HCB samples which had different crystal axis on the bonding
surface was performed by Glasgow collaborators in Japan. These samples had no thermal
cycle experiences. Because the KAGRA sapphire suspension can experience several ther-
mal cycles, the strength of the bonded sample at low temperatures after thermal cycles
was measured and reported in this thesis.

Given the introduction, provided in chapter 1, the contents of this thesis are the
followings. Chapter 2 is dedicated to gravitational waves and to the main methods to
detect them. Gravitational wave detectors, including KAGRA, are also introduced in
this chapter. An outline of the cryogenic suspension of KAGRA is described in the
chapter 3. The components in the cryogenic suspension of KAGRA are also explained in
the chapter 3. The requirements of mechanical loss, thermal conductivity and strength
of the mirror suspension of KAGRA are presented and discussed in chapter 4. The
mechanical loss measurements of the sapphire fibers and bonds are reported in chapter
5. The measurements of thermal conductivity of fibers and bonds are reported in chapter
6. The results of strength tests for HCB and indium bonding are shown in the chapter
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7. Then the vibration measurement of the cryostat and the estimated impact on the
KAGRA are shown in chapter 8. Chapter 9 summarizes the results of the experiments for
the sapphire suspension and the vibration measurement as well as discussions and future
works. The conclusions of this thesis are in chapter 10.
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Chapter 2

Gravitational waves and its detection

2.1 Gravitational waves

In this section, gravitational waves are introduced, starting from the General theory of
Relativity [1]. Then the main sources of the gravitational wave are briefly discussed.

2.1.1 Gravitational waves

The thesis of the existence of gravitational waves is derived from the Einstein equation
for space-time in vacuum and under the assumption of the weak gravitational field ap-
proximation (Lorentz background).

Einstein equation

In the General theory of Relativity, the space-time distance between two close points, ds,
is defined by the square root of the following expression:

ds2 = gµνdx
µdxν , (2.1)

where µ, ν are 0, 1, 2, 3 respectively, and dxµ, dxν are the infinitesimal components along
the four coordinates and gµν is called metric tensor and is used to describe the space-time
curvature. According to the theory, the energy and the mass present in the space-time
deform geometrically the space-time through the Einstein equation:

Gµν ≡ Rµν −
1

2
gµνR =

8πG

c4
Tµν , (2.2)

where Gµν is called Einstein tensor, Tµν is the energy momentum tensor, c is the speed
of light, and G is the gravitational constant. Rµν is the Ricci and R is, finally, the scalar
curvature. The differential relationships between the metric tensor and the curvature can
be described by tensor components, Γα

βγ , the Cristoffel symbols, as:

Γα
βγ =

1

2
gαµ (gµβ,γ + gµγ,β − gβγ,µ) (2.3)

Rµ
αβγ = Γµ

αγ,β − Γµ
αβ,γ + Γµ

λβΓ
λ
αγ − Γµ

λγΓ
λ
αβ (2.4)

Rαβ = Rµ
αµβ (2.5)

R = Rµ
µ (2.6)
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Linearized Einstein equation

When there is no mass and energy in the space-time, the metric tensor gµν is the same as
the Minkowski metric ηµν ,

gµν = ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (2.7)

In the case of a weak gravitational field, a perturbation hµν(|hµν | ≪ 1) can be added to
the Minkowski metric.

gµν = ηµν + hµν (2.8)

Now ηµν and ηµν can lower or raise the index as follows:

hµ
ν = ηµαhαν (2.9)

h ν
µ = ηµαh

αν (2.10)

Here, the Einstein equation is solved under this weak gravitation filed approximation.
Let’s define a tensor named trace reverse tensor h̄µν :

h̄µν ≡ hµν −
1

2
ηµνh (2.11)

h ≡ hα
α, (2.12)

then hµν can be written as:

hµν = h̄µν +
1

2
ηµνh. (2.13)

Christoffel symbols Γα
βγ and the Einstein tensor Gµν are rewritten as

Γα
βγ =

1

2

(
h̄α

β,γ + h̄α
γ,β − h̄ ,α

βγ

)
(2.14)

Gµν = −1

2

(
h̄ ,α
µν,α + ηµν h̄

,αβ
αβ − h̄ ,α

µα,ν − h̄ ,α
να,µ

)
. (2.15)

Here ηµν,α = 0 is used. Now let’s use the “Lorentz gauge”, defined as:

h̄µν
,ν = 0. (2.16)

Then a simpler expression of Eq.(2.2) can be derived:

□h̄µν = −16πG

c4
Tµν . (2.17)

This is the Linearized Einstein equation with a weak gravitational field.
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Gravitational waves

The Einstein equation in vacuum is

□h̄µν = 0 (2.18)

□ ≡ − ∂2

c2∂t2
+∆, (2.19)

where □ is called the d′Alembertian operator. The plane wave solution of this wave
equation is

h̄µν = Aµνe
ikαxα

, (2.20)

where Aµν is a symmetric 4 × 4 matrix. The component of this matrix and the wave
number vector kα are derived from the wave function with Lorentz gauge. The condition
can be written as follows.

Aµνkα = 0 (2.21)

kαk
α = 0 (2.22)

These equations imply that the gravitational wave is transverse wave and propagates at
the speed of light. Here a gravitational wave which has an angular frequency ω = ck is
assumed to propagate along the z axis, then

kα = (−k, 0, 0, k) (2.23)

h̄µν = Aµνe
ik(ct−z). (2.24)

Even if the Lorentz gauge was chosen, Aµν is not unique. Another gauge called Transverse
Traceless gauge (TT gauge) can be applied to simplify the components of Aµν .

Aα
α = 0 (2.25)

AµνU
ν = 0, (2.26)

where U ν is an arbitrary constant time like unit vector. Under these gauges, a plane wave
propagating along z axis can be described like the followings:

kα =
(
ω, 0, 0,

ω

c

)
(2.27)

h̄µν = Aµνe
ik(ct−z) (2.28)

Aµν =


0 0 0 0
0 h̄+ h̄× 0
0 h̄× −h̄+ 0
0 0 0 0

 (2.29)

where h̄+, h̄× are the amplitudes of the independent polarization of the gravitational wave.
The mode of h̄+ is called “plus mode” and the mode of h̄× is called “cross mode”.
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Action on free particles from the gravitational wave

Free particles in a gravity field conform to the geodesic equation:

d

dτ
Uµ + Γµ

αβU
αUβ = 0. (2.30)

This equation is called the geodesic equation. In this equation τ is the proper time of a
particle and Uα is the four-velocity described as

Uα =
dxα

dτ
(2.31)

First, let’s assume one particle in the space and check the action due to the gravita-
tional wave. If the particle is at rest at the origin point at the beginning,

Uµ = (1, 0, 0, 0). (2.32)

Putting Eq.(2.32) into Eq.(2.30), then

d

dτ
Uµ = −Γµ

00 (2.33)

= −1

2
ηµν

(
h̄ν0,0 + h̄0ν,0 − h̄00,ν

)
(2.34)

= 0, (2.35)

which means that in the TT gauge this particle has no acceleration.
Secondly, let’s assume two particles encounter the gravitational wave. Originally one

of the particles is at the origin (0, 0, 0) and the other one is at a point (ϵ, 0, 0), therefore
the proper distance between the particles ∆l is

∆l =

∫ ∣∣ds2∣∣ 12 =

∫ ϵ

0

√
g11dx (2.36)

=
√
g11ϵ (2.37)

≃
(
1 +

1

2
h̄11

)
ϵ. (2.38)

This equation shows that the proper distance between two particles changes because of
the gravitational wave. The distance change is proportional to the original distance ϵ.

And finally, we consider two particles separated by a distance ϵj = (ϵx, ϵy, ϵz) and with
each other and focus on the distance change because of the gravitational wave. If the
gravitational wave vector is aligned along z axis, ∆l can be written as

∆lj = ϵj +
1

2
h̄µνϵ

j (2.39)(
∆lx

∆ly

)
=

(
ϵx

ϵy

)
+

1

2
eik(ct−z)

(
h̄+ h̄×
h̄× −h̄+

)(
ϵx

ϵy

)
(2.40)

=

(
ϵx

ϵy

)
+

1

2
eik(ct−z)h̄+

(
ϵx

−ϵy

)
+

1

2
eik(ct−z)h̄×

(
ϵx

ϵy

)
(2.41)
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This equitation shows distance change has two components, which means the gravitational
wave have two polarizations. One of them has amplitude h̄+, whose x components and y
components change in reverse phase. The other has amplitude h̄×, whose x components
and y components change in phase. Figure 2.1 shows the distance changes between free
particles due to gravitational waves with wave vector perpendicular to the drawing.

Time
+ mode ×mode

x

y

Figure 2.1: Polarization of gravitational wave. The blue points represent a circular distri-
bution of free-falling masses. The effect of gravitational waves impinging perpendicularly
to the figure causes a relative change of distances according to two polarization states.
The fact that the two polarizations are oriented at 45 degrees is related to the tensorial
nature of the field, differently with respect to electromagnetic waves.

2.1.2 Generation and sources of gravitational waves

Generation of gravitational waves

The solution of the linearized Einstein Eq.(2.17) is

h̄µν(t, r) =
4G

c4

∫
Tµν(t− R

c
, r′)

R
d3x′, (2.42)
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there r is the position of observer, r′ is the wave source position and R = |r − r′| is the
distance between the observer and the source. Here the size of gravitational wave sources
is assumed to be smaller than R and wavelength of gravitational waves. This equation
can be approximated as the following.

h̄µν(t, r) ≃ 4G

c4r

∫
Tµν

(
t− r

c
, r′

)
d3x′ (2.43)

≃ 2G

c4r

d2

dt2

∫
ρ′
(
t− r

c
, x′

)
x′
ix

′
jd

3x′ (2.44)

=
2G

c4r

d2

dt2
Iij

(
t− r

c

)
(2.45)

Here Ii,j can be written as the following (TT gauge).

Iij =

∫
ρ′(t, x′)

(
x′
ix

′
j −

1

3
δijx

′ix′j
)
d3x′ (2.46)

This Iij is a quadrupole moment. Thus the gravitational wave is caused by a change of the
quadrupole moment. The plus mode and cross mode gravitational wave can be written
as the following.

h̄+(t) =
2G

c4r

d2

dt2
I11

(
t− r

c

)
− I22

(
t− r

c

)
2

(2.47)

h̄×(t) = −2G

c4r

d2

dt2
I12

(
t− r

c

)
(2.48)

As with the above, the amplitude of the gravitational wave from distance r is

h̄ ≃ 2G

c4r

d2I

dt2
. (2.49)

The amplitude of h is extremely small. For example, this value is about 10−22 in the case
of a neutron star - neutron star binary coalescence at 20Mpc far from an observer.

Source of gravitational waves

The main sources of the gravitational waves which will be detected in the near future
are astronomical phenomenon because the gravitational waves we can generate in our
laboratory are too small to observe [21]. Potential astronomical sources are described in
the followings.

Pulsars

Pulsars are considered to be rotating neutron stars, which emit electromagnetic waves.
If the neutron star is not a sphere shape, but a triaxial ellipsoid shape, gravitational
waves can be emitted as clockwork waves. In addition, integration of the signal for a long
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time(∼month or year) can make the signal to noise ratio higher value. The amplitude of
the gravitational waves from a pulsar is the following.

h̄ =
2π2G

c4
Izzf

2
0

r
ϵ (2.50)

ϵ =
Ixx − Iyy

Izz
(2.51)

there f0 is the frequency of the gravitational wave, r is the distance between observer
and the pulsar and Iij is the inertia tensor of the neutron star (z axis faces the observer)
[22]. Data analysis of the current laser interferometer gravitational wave telescope for
the pulsar are done and reported [22, 23]. Even though they could not observe the
gravitational wave, the upper limits of the gravitational wave amplitude were obtained.

Binaries

Binary systems of neutron stars(NSs) and black holes(BHs) are one of the main targets of
the ground based interferometer gravitational wave telescope. According to Lada’s paper
in 2006 [24], one-thirds of all primary stars in the Galactic disk have accompanying stars.
Some small part of them are NS/NS, NS/BH or BH/BH.

In this part, mergers of neutron star binaries are focused. After a merger, the binary
becomes a black hole immediately or a heavier neutron star which will be a black hole after
a while because of the energy loss by gravitational waves and neutrinos, which depends
on the equation of state and mass of the neutron stars in binary. The binary merger is
divided into three steps: inspiral stage, merger stage and ring down stage. Information
of the masses can be estimated from the wave forms of inspiral stage and information
of radiuses is seen in the merger stage wave forms. This information gives a constrain
on the equation of state of dense material as atomic nucleus. Spectra or time domain
waveforms of the gravitational waves from the ring down stage can give us information on
the neutron star and the black hole. For instance, there is a model which indicates that
hyperonic matter appearing in the neutron star core dominates the contraction. In this
model, because the pressure of the hyperonic matter is less than that of normal matter of
proton and neutron, the contraction time is shorter than that of normal matter. Then the
spectrum of the hyperonic matter model has broad peaks compared to the sharp peaks in
the spectrum of the normal matter model [25]. Therefore, observation of the gravitational
waves can give a judgment on it.

The second generation telescopes are expected to observe the last several minutes of
the coalescence and the detection rate is estimated to be one event per year ∼ three events
per day [26].

Supernovae

Supernovae is also considered to emit gravitational waves as one of the burst sources. The
maximum amplitude of the gravitational wave from a supernova at a distance of 10 kpc
is thought to be about 10−21. And the frequency is estimated to be from several hundred
Hz to several kHz [27].
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Cosmic gravitational wave background

Very low frequency gravitational waves named cosmic gravitational wave background from
the early universe are expected to be observed by space based telescopes like DECIGO in
the future. The estimated spectrum is nearly white in units of energy [28, 29]. Because
gravitational waves have very low interaction, the signal emitted at 10−30 s after the
beginning of the Universe can be observed [30].

2.2 Detection principle

There are several kinds of detectors such as a resonance detector [31, 32], an atomic
interferometer [33], a torsion-bar antenna [34] and a laser interferometer. In this section,
the detection principle of the laser interferometer, which is the most common technique
for gravitational wave telescopes currently is described.

In order to detect gravitational waves, we can measure the proper distance between
two test masses. Because the distance change via the gravitational wave is extremely
small, laser interferometer is used for the detectors. A simple Michelson interferometer is
described here.
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Figure 2.2: Schematic view of a Michelson interferometer. The laser beam from the laser
source is split by the beam splitter and goes toward the main mirrors through the “arm”
which have the length L1, L2. Then reflected laser beam by the mirrors interferes with
each other at the beam splitter. The photo detector monitors the power of the laser at
the anti-symmetric port.

Figure 2.2 is a schematic view of a Michelson interferometer. A laser light from the
laser source is divided by a beam splitter in the center, then reflected by the mirrors
called end mirrors and combined at the beam splitter again. The part between the beam
splitter and the end mirror is called an arm. A photo detector detects the intensity of the
combined laser at the anti-symmetric port. On the other hand, the position where the
laser beam is emitted, is called the symmetric port.

The electrical field Ein from the laser can be written

Ein = E0e
iΩt. (2.52)

Here Ω is the angular frequency of the laser. From Ein, the electrical fields Eout1 and Eout2

at the beam splitter reflected by the mirrors 1 and 2 are able to be written as

Eout1 =
1

2
E0e

i(Ωt−ϕ1) (2.53)

and Eout2 = −1

2
E0e

i(Ωt−ϕ2). (2.54)
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The photo detector detects the square of the sum of them:

Pout = |Eout1 + Eout2|2 (2.55)

=
1

2
Pin(1− cosϕ−). (2.56)

Here,

Pin ≡ E2
0 (2.57)

and ϕ− ≡ ϕ1 − ϕ2. (2.58)

As above, the phase difference between the two paths can be estimated by observing the
output of the photo detector at the anti-symmetric port.

Let’s see the output of this interferometer when gravitational waves come. A plus
mode gravitational wave along z axis is assumed in the following. The gravitational wave
h̄µν can be written as

h̄µν =


0 0 0 0
0 h̄+ 0 0
0 0 −h̄+ 0
0 0 0 0

 . (2.59)

The proper distance ds can be written

ds2 = −c2dt2 +
[
1 + h̄(t)

]
dx2 +

[
1− h̄(t)

]
dy2 + dz2, (2.60)

where h̄(t) is the amplitude of the gravitational wave. In the case of Fig.2.2 , Eq.(2.59)
can be

dx =
1√

1 + h̄(t)
cdt ≃

[
1− 1

2
h̄(t)

]
cdt (2.61)

because h̄(t) ≪ 1 and ds2 = 0 in the case of light. Integration of Eq.(2.61) from the beam
splitter to the mirror 1 and from the mirror 1 to the beam splitter gives:∫ 2L1

0

dx = c

∫ t

t−δt1

[
1− 1

2
h̄(t′)

]
dt′. (2.62)

Here δt1 is the round trip time between the beam splitter and the mirror 1, and written
by

δt1 =
2L1

c
+

1

2

∫ t

t−δt1

h̄(t′)dt′ (2.63)

≃ 2L1

c
+

1

2

∫ t

t− 2L1
c

h̄(t′)dt′. (2.64)

Therefore ϕ1 which is the phase change of the light during the L1 pass is

ϕ1 = Ωδt1 (2.65)

=
2L1Ω

c
+

Ω

2

∫ t

t− 2L1
c

h̄(t′)dt′ (2.66)
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It is the same calculation in the case of L2 pass,

ϕ2 = Ωδt2 (2.67)

=
2L2Ω

c
+

Ω

2

∫ t

t− 2L2
c

h̄(t′)dt′. (2.68)

So ϕ− can be written like the following.

ϕ− =
2l−Ω

c
+ δϕGW (2.69)

δϕGW = Ω

∫ t

t− 2L
c

h̄(t′)dt′, (2.70)

there L1 ≃ L2 ≡ L, l− ≡ L1 − L2. The first term of Eq.(2.69) shows the constant phase
difference due to the distance difference between L1 and L2. On the other hand, Eq.(2.70)
δϕGW is the phase difference caused by the gravitational wave. In order to describe clearer,
the Fourier transform is adapted:

h̄(t) =

∫ ∞

−∞
h̄(ω)eiωtdω (2.71)

δϕGW =

∫ ∞

−∞
HMI(ω)h̄(ω)e

iωtdω (2.72)

HMI(ω) =
2Ω

ω
sin

(
Lω

c

)
e−iLω

c (2.73)

This equation shows that larger L makes the signal larger at the low frequency band.

|HMI| =
2ΩL

c
(ω → 0) (2.74)

But there is a maximum for |HMI| at ω0 when

L =
πc

2ω0

. (2.75)

In the case of 1 kHz, the arm length L is 75 km.
To make a Michelson interferometer which has such long arms on the ground is diffi-

cult. Therefore, in order to extend the effective arm length, delay line and Fabry-Perot
Michelson interferometer have been proposed. Schematic views of these interferometers
are shown in Figs.2.3, 2.4.

22



F
ro

n
t m

irro
r x

E
n

d
 m

irro
r x

End mirror y

Front mirror y

Photo detector

Laser source

Figure 2.3: Delay line Michelson interferome-
ter. The laser light is reflected by the mirrors
many times at different points and goes back
to the beam splitter.
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Figure 2.4: Fabry-Perot Michelson interfer-
ometer. The laser light resonates in the arm,
which makes the signal sensitive to the arm
length change.

In these interferometers there are two mirrors called front mirrors in addition to the end
mirrors. In the case of the delay line, a laser light in the arm hits the front mirror and
the end mirror many times at different points in order to make a longer optical path
length. One of the disadvantages of the delay line is that big mirrors are needed because
hundreds of laser points should be on the mirror. Another disadvantage is the scattered
light from the several hundreds laser spots. On the other hand, Fabry-Perot has a laser
cavity between a front mirror and an end mirror, which can extend the arm length with
one spot on a mirror. Photons stay in Fabry-Perot cavities for “longer” time. Thus, the
signal of gravitational wave is enhanced effectively.

2.3 Gravitational wave telescopes

In the world, several groups are developing, upgrading, constructing or operating their
gravitational wave telescopes. Gravitational wave telescopes which are laser interferome-
ter type are described in this chapter. Laser interferometer telescopes can be categorized
into two types: ground based laser interferometer and space laser interferometer. The
most sensitive frequency band is different between these telescopes. Because telescopes in
the space can have much longer arms compared to ground based telescopes, their plans
are having long arms to detect low frequency gravitational wave which is difficult to be
detected by ground based detectors because of the seismic noise. Low frequency gravi-
tational waves are thought to come from massive source or large structure like BH-BH
binaries or cosmic gravitational wave background. On the other hand, ground based laser
telescopes focus on the frequency band around 100Hz, which is the frequency band of
such as NS-NS binary mergers.
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2.3.1 Space laser interferometer

In the space, there are no seismic vibration and little newtonian noise because of the mo-
tion of the mass around the detector. Therefore, telescopes which have a good sensitivity
at low frequency band can be achieved.

eLISA

eLISA stands for evolved Laser Interferometer Space Antenna, which is planned by the
European Space Agency (ESA) [35]. This interferometer consists of three space crafts,
which have a triangle shape. The distances between space crafts are 106 km and keep an
equilateral triangle shape. Because of this extremely long arms the strain sensitivity is
expected to be ∼ 5× 10−21 1/

√
Hz at 10−2Hz. At the low frequency band of eLISA will

observe stochastic gravitational waves caused by many galactic compact binaries: such as
white dwarf binaries, NS-NS binaries, BH-BH binaries. This statistical observation can
give us important information to model important objects in astrophysics. Gravitational
waves from massive black holes are also the main target of eLISA.

DECIGO

The Japanese DECi-Hertz Gravitational wave Observatory (DECIGO) is a planned tele-
scope in the space which has the observation band around 0.1Hz ∼ 1Hz, which is a
frequency band between eLISA and ground based telescopes [36]. One unit of DECIGO
consists of three space crafts. The length of the arms is planned to be 1000 km in order
to have a good sensitivity between 0.1Hz and 1Hz. In total four units will be put in
the heliocentric orbit to have coincidence observation in order to cancel the noise and
determine the direction of gravitational wave sources. The main targets of DECIGO are
gravitational waves from compact binaries and inflation at the beginning of the Universe.
Since the observation band is lower than the detector on the Earth, the NS-NS binaries
can be observed at from several years before the merger. This gravitational wave is phase
shifted by the cosmic expansion, therefore the cosmic expansion can be observed by grav-
itational waves not by red shift of light. The gravitational wave from the inflation is the
main target for DECIGO. Observation of DECIGO is expected to eliminate some models
and select suitable models.

DECIGO has many technics which have to be developed: such as a stabilized laser
source in the space, formation flight, and drag free control. Several technics have to be
tested by some projects before DECIGO. Currently, groups in several universities and
institutes are developing the technics for DECIGO.

2.3.2 Ground based laser interferometer

In this subsection, large laser interferometer telescopes in the world are introduced after
the description of the noise sources of ground based laser interferometer. Even though
there are many noise sources, many advantages (e.g.: easier maintenance, improvement,
and low cost) are there for the ground based telescope. Therefore, many ground based
telescope teams are aiming at the first detection.
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Noise source

Fundamental noise sources of advanced gravitational wave telescope like advanced LIGO,
advanced VIRGO and KAGRA are mainly seismic noise, quantum noise and thermal
noise. In the case of advanced VIRGO, gravity gradient noise will limit the sensitivity in
a region of the frequency band.

In the case of ground based telescopes, seismic noise reduction is crucial. For example,
a typical power spectrum of the seismic motion around the suburb xseisS(f) is able to be
approximated as

xseisS =
10−7

f 2

[
m√
Hz

]
. (2.76)

In the case of a quieter place like Kamioka mine where KAGRA is being constructed, this
vibration xseisK can be smaller by 2 orders of magnitude.

xseisK =
10−9

f 2

[
m√
Hz

]
. (2.77)

In order to suppress the influence of this vibration, multi suspensions are used to separate
our main mirrors from the ground motion [37, 38, 39].

The quantum noise becomes important if a laser light is used to measure the distance
change between test masses. This noise consists of two parts: one is radiation pressure
noise, and the other one is shot noise. Because the number of photons per unit time gives
the Poisson distribution, the signal-to-noise ratio of the phase noise is proportional to
1√
P
, where P is the power of the laser, which is called shot noise. On the other hand,

radiation pressure noise which is the displacement fluctuation because of the fluctuation
of the radiation pressure is proportional to

√
P . So the sum of these two noises cannot

be lower than a limit so-called ”Standard Quantum Limit” (SQL), which limits the laser
interferometer sensitivity with a regular detection method. SQL can be written like the
Eq.(2.78).

SSQL(f) =
2ℏ

m(2πf)2
, (2.78)

where SSQL is the power spectrum, ℏ is the reduced Planck’s constant and m is the mass
of the mirror.

At last, the thermal noise is the displacement vibration due to the thermal energy in
each part of the suspension system especially close to the main mirror. There are three
kinds of thermal noise depending on the source part: mirror thermal noise, mirror coating
thermal noise and suspension thermal noise. At first, the displacement power spectrum
of mirror thermal noise SMTN(f) can be described as

SMTN(f) =
2kBT

π
3
2f

1− σ2

w0E
ϕsub (2.79)

where kB is the Boltzmann constant, T is the temperature, σ is the Poisson’s ration, w0

is the beam size (1/e2 radius) on the mirror and E and ϕsub are the Young’s modulus and
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mechanical loss of the mirror substrate respectively [40, 18]. In the case of KAGRA, the
displacement power spectrum density

√
SMTN(f) is written

√
SMTN(f) = 4.8× 10−22 m√

Hz

(
3.5cm

w0

) 1
2
(
4.6× 1011Pa

E

) 1
2

×
(

ϕsub

4.0× 10−9

) 1
2
(

T

20K

) 1
2
(
100Hz

f

) 1
2
(

1− σ2

1− 0.252

) 1
2

. (2.80)

Second, the displacement power spectrum of coating thermal noise SCTN(f) can be written
as the Eq.(2.81) using SMTN(f).

SCTN(f) = SMTN(f)

(
1 +

2√
π

1− 2σ

1− σ

ϕcoat

ϕsub

dcoat
w0

)
, (2.81)

where ϕcoat and dcoat are mechanical loss and the thickness of the coating, respectively
[41, 42]. KAGRA will use SiO2/Ta2O3 coating to make a reflectivity of 99.6% for the front
mirrors and 99.9945% for the end mirrors [43]. In the same way as the mirror thermal
noise, the coating thermal noise of KAGRA can be estimated as

√
SCTN(f) = 1.6× 10−21 m√

Hz

(
100Hz

f

) 1
2

, (2.82)

where the mechanical loss of coating ϕcoat is assumed to be 4.0 × 10−4, the thickness of
the coating dcoat is assumed to be 4.8µm and the other parameters are assumed as shown
in Eq.(2.80) [44]. Detailed discussion about the suspension thermal noise will be given in
the latter chapters.

Ground based large gravitational wave telescopes in the world

LIGO (the Laser Interferometer Gravitational-Wave Observatory) is a project in the
United States of America. This project has three large interferometers. Two of them
have 4 km arms located at Hanford and Livingston, the other one has 2 km arms, located
at Hanford in parallel with the 4km arm interferometer. The distance between these two
sites is about 3000 km. Since these two sites are far from each other, coincidence analysis
reduces the false alarm ratio drastically. LIGO project is developing and constructing the
advanced LIGO, which will have 10 times better strain sensitivity than the initial LIGO
[3].

Nearby Pisa in Italy, there is a 3 km arm interferometer called VIRGO. This interfer-
ometer was developed by the Italy and France groups mainly. This interferometer is also
being upgraded. The advanced VIRGO will have 10 times better strain sensitivity than
the initial VIRGO [45].

At last, KAGRA is being developed and constructed in Japan. This will be a 3 km
interferometer which is located underground to have a quiet seismic vibration and stable
temperature fluctuation, and the main mirrors will be cooled down to 20K to suppress
the thermal noise. Details are described in the next subsection.
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2.4 Large-scale Cryogenic Gravitational wave Tele-

scope -KAGRA-

The Large-scale Cryogenic Gravitational wave Telescope in Japan named KAGRA is
under construction at the Kamioka mine in Gifu prefecture. An image view of KAGRA
is shown in Fig.2.5.

Figure 2.5: Image view of KAGRA in the Kamioka mine. KAGRA which has 3 km length
arms is under construction in the Kamioka mine.

KAGRA is a Michelson interferometer which has 3 km arm Fabry-Perot cavities. There
are two stages for KAGRA which is called initial KAGRA (iKAGRA) and baseline KA-
GRA (bKAGRA). The iKAGRA is scheduled to have an observation run at the end of
2015 in order to gather experience of a large interferometer with a simple configuration.
In this stage the main mirrors are at room temperature. Moreover the power recycling
and signal recycling technique will not be used. bKAGRA will start the science run in
2017. Cooled mirrors and recycling technics will be used in this stage to have the goal
sensitivity.

The final configuration of KAGRA is shown in the Fig.2.6.
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Figure 2.6: Simplified final configuration of KAGRA. All of the mirror in this figure will
be suspended to suppress the seismic vibration. Blue mirrors are the cryogenic mirrors.

The blue mirrors in the figure will be cooled. The one of the green mirrors nearby the
laser source is called a power recycling mirror. This mirror reflects the light back to the
interferometer coherently with the incident light to effectively increase the laser power in
the arm cavities. In the result, shot noise is suppressed. Signal recycling mirror nearby
the photo detector reflects laser light which has the gravitational wave signal in order
to enhance the amplitude of a gravitational wave signal. These mirrors are suspended
to be a free mass in the observation frequency range of the gravitational waves and also
to decrease the vibration coming from the ground. Cryogenic payload, which includes a
sapphire mirror, will be suspended from the excellent vibration isolation system, type A
Seismic Attenuation System (SAS). The total height of the suspension is ∼ 13m. Figure
2.7 shows the conceptual diagram.
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Figure 2.7: Seismic Attenuation System (SAS) for a main mirror and a cryogenic sus-
pension system suspended below it. All of the components will be in the same vacuum
system. The total length of this multi-suspension system will be ∼ 13m.

Inverted pendulums (IPs) and Geometric Anti-Spring Filters (GASFs) are in the SAS
to reduce the horizontal vibration and vertical vibration from the ground, respectively
[46].

All of the mirrors in Fig.2.6 will be in the vacuum chamber. The pressure is ∼ 10−7Pa.
The four main mirrors are in each cryostat which are made by Toshiba [47] to be cooled
down to 20K in order to reduce the thermal noise. Cooling systems for the main mirrors
are shown in the later chapters. Figures of the vacuum chamber and cryostat for the
cooled main mirrors are shown in Figs.2.8 and 2.9. In order to make tall systems like
SAS, KAGRA has the 2nd floor in the region of the front rooms and the end rooms.
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Figure 2.8: View of a vacuum chamber around the
main mirror. Top of the suspension for the main mir-
ror is fixed on the second floor. Vacuum tubes for the
main beam are connected with the cryostat.

Figure 2.9: KAGRA cryo-
stat for the main mirror.
Four cryocoolers will be
used to cool one cryostat
including the system in-
side.
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The KAGRA final sensitivity will be limited by the seismic vibration at very low fre-
quencies and quantum noise at the most sensitive region. At the most sensitive frequency
region, the coating thermal noise also will affect slightly. A realistic design sensitivity is
shown in Fig.2.10.

10-26

10-25

10-24

10-23

10-22

10-21

10-20

10-19

 1  10  100  1000  10000

S
tr

ai
n 

[1
/r

tH
z]

Frequency [Hz]

Coating Thermal
Seismic

Quantum(DRSE)
bKAGRA

Figure 2.10: Design sensitivity of KAGRA. In this graph only the main noises are plotted.
“bKAGRA” is a realistic bKAGRA design sensitivity including other noises, which is
used in this thesis as the design sensitivity [75]. The suspension thermal noise or the
displacement noise from the cooling system, which are described in this thesis should be
below the “bKAGRA” curve in this graph.

The noise by the cryogenic payload should be smaller than this sensitivity, which is
the main topic of this thesis. Two kinds of noise sources were investigated in this thesis.
The first one is the suspension thermal noise. The second one is the vibration noise via
the heat links from the cooling systems. The details are described in the next chapter.
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Chapter 3

Outline of cryogenic suspension of
KAGRA

The main mirror of KAGRA should be suspended in order to be a free mass for the
gravitational waves and suppress the vibration from outside like seismic vibration and
vibration via heat links. For keeping the stable operation of the main interferometer, it
is necessary to control the position and the alignment of the mirrors. For the KAGRA
suspension of the main mirror, the mirror should be cooled without significant vibration
noise. Also the thermal noise from the suspension should be kept at a low level. In this
thesis two points of them are mainly reported: vibration noise from the cooling system
and thermal noise from the suspension.

3.1 Cryogenic suspension system

The cryogenic suspension system consists of five parts, including the mirror to suspend,
and control the mirror; Platform (PF), Intermediate Mass (IM), Recoil Mass for the
intermediate mass (IR), Recoil Mass for the main mirror (RM), and sapphire suspen-
sion system including the main mirror (or Test Mass: TM). The schematic views of the
cryogenic suspension system are shown in the Fig.3.1.

32



Figure 3.1: Cryogenic suspension system. The light blue components are called the
cryogenic sapphire suspension system.

The top of the cryogenic suspension system is so-called platform suspended from a
seismic attenuation system (SAS) by a single metal wire. On this platform there are
mass shifters which adjust the tilt of PF and IR for the initial alignment. Moreover,
in the platform, there is a vertical spring system (GASF) made of metal to reduce the
vertical vibration entering the intermediate mass and the main mirror. The intermediate
mass is suspended using a metal wire from the platform. This intermediate mass also
has mass shifters to adjust the tilt of the intermediate mass and the main mirror for
the initial alignment. During the main interferometer operation, the position and tilt of
this intermediate mass will be controlled by sensors and coil magnet actuators on the
intermediate mass and the intermediate recoil mass suspended from the platform using
three metal wires. These sensors for sensing the differential position between intermediate
mass and intermediate recoil mass are planned to use shadow sensors. A recoil mass of
the main mirror is suspended from the intermediate recoil mass by four metal wires. This
mass is to control the alignment of the main mirror as a recoil mass like intermediate
recoil mass. There are coils on the recoil mass to apply force on the magnets attached on
the mirror. A sapphire suspension system consisting of sapphire blades, sapphire fibers,
and sapphire ears and the main sapphire mirror is suspended from the intermediate mass.
The reason why sapphire is used for these components is that sapphire has high thermal
conductivity and low mechanical loss at low temperatures. There is another important
function except those described above, which is to reduce the vibration of the cooling
system. This topic is described in the latter section.
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3.2 Sapphire suspension system

To reduce the thermal noise, Advanced LIGO and Advanced VIRGO will use monolithic
suspension systems for the main mirror. In the case of Advanced LIGO, fused silica
mirrors which have 40 kg will be suspended by four fused silica fibers which have 0.4mm
diameter of the thinnest part [48]. In the case of Advanced VIRGO, 42 kg fused silica
mirrors will be suspended by 0.4mm fused silica fibers [49]. HCB is used for the connection
between the fiber heads and the mirror.

The purposes of the sapphire suspension system of KAGRA are holding the mirror
and keeping the mirror at a low temperature during the main interferometer operating.
We also have to take care of the suspension thermal noise of this system because this
system is the nearest part of the main mirror. Therefore, the thermal noise from each
part in there will directly affect the output of the interferometer. The reason why sapphire
is used to build a suspension system around the mirror is that the sapphire has a good
thermal conductivity to extract heat from the mirror and low mechanical loss, thus low
thermal noise in a broad frequency band. The requirements for the strength, thermal
conductivity and mechanical loss of each part in the sapphire suspension are shown in the
next chapter. In this section the functions of each part are explained.

The designed sapphire suspension system is shown in Fig.3.2.

Figure 3.2: Cryogenic sapphire suspension system. This system contains a mirror, two
ears, four fibers, four blades and four clamps. The ears will be bonded on the side of the
mirror by a strong bonding technique like HCB. Also the lower fiber head will be bonded
with the ear and the upper head will be bonded with the blade by a detachable bonding
technique like indium bonding.

This system consists of the main mirror, two ears, four fibers, four blades and four
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clamps. In this suspension there are two kinds of bonding technique will be used. One of
them is Hydroxide-Catalysis Bonding (HCB) which has extremely strong strength. The
other one is indium bonding which is not so strong as HCB, but it is easy to remove using
heat or acid.

In the following, the functions of the each part in the cryogenic sapphire suspension
system are described.

3.2.1 Mirror

The sapphire mirror has 220mm diameter, 150mm thickness, therefore the mass is 22.6 kg.
There are flat cuts on both the lower sides for bonding ears. Because the bending length
of the fiber is ∼ 5 cm as described in the following, these flat cuts are not located at the
center of the mirror side. Sapphire crystal has three axes which are m, a, and c-axes. To
reduce the effect of the birefringence, c-axis of the crystal should be along the main laser
line. The profile of the laser spot on the mirror coating surface is given by

P (r) =
2

πw2
0

exp

(
−2r2

w2
0

)
, (3.1)

where w0, r are the radius of the laser (1/e2 radius) and the distance from the center of
the mirror surface. In the case of KAGRA, w0 = 3.5 cm [43].

3.2.2 Ear

The ears will be bonded by HCB on the side cut flat surfaces of the mirror to have surfaces
for hooking in the fiber. The shape of the ears is a triangle pole shape and it has slits for
the fibers like the Fig.3.4. In order to decrease the thermal noise, the size of the ear is
chosen as small as possible as described latter. The surface of the ears against the mirror
should be around or less than λ(= 632 nm)/10 in terms of flatness. This flatness is always
required for HCB to make a reliable bond [58].

3.2.3 Sapphire fiber

For suspending the mirror with sapphire fibers, the fibers should not be just a cylinder,
but should have heads on the ends for connection. Our sapphire fibers with head(s)
for experiments were produced by Impex which is one of the companies producing the
sapphire fibers [53]. There are three kinds of requirement for this fiber, which will be
described later: strength, heat conduction and mechanical loss.

To determine the length and diameter of the fiber, there are four issues to be con-
sidered. The first one is the violin mode of the fiber, which is described later in this
subsection. The second is the size of the mirror and the recoil mass. Because the mirror
has to be held in the limited space of the cryostat, the fiber length should be not only
longer than the radius of the mirror but also long enough to make a space for the recoil
masses. The third point is the heat path: the diameter should not be too thin. The last
is the bending point on the fiber, which is explained in the latter part. We cannot use
too thick fiber because the bending point will be away from the connection point. The
detail of the first point and the last point are described in the following.
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Violin mode of a fiber

The frequency of the first violin mode of a thin fiber can be written as the following.

f1st =
1

2L

√
σ

ρ
, (3.2)

where L, σ and ρ are the length, stress and density of the fiber, respectively. If four fibers
which have radius r suspend the mirror mass M , the Eq.(3.2) can be rewritten like the
following.

f1st =
1

4Lr

√
Mg

πρ
, (3.3)

where g is the gravitational acceleration of the earth. In the case of KAGRA, because
the sapphire fiber has a large diameter, the equation should be used is

f1st =

√
Mg

4ρ′
1

2L

[
1 +

2

keL
+

1

2

(
π

keL

)2
]

(3.4)

ke ∼
√

Mg

4Y I
, (3.5)

where ρ′ and Y are the mass per unit length and Young’s modulus [51, 52]. I is the
inertial moment of the area:

I = π
r4

4
(3.6)

because the fibers are cylinder shape. As the most sensitive frequency range of KAGRA
is around 100Hz, if this violin mode appears nearby this frequency, observation of NS-NS
binaries will be influenced. For instance, if the frequency of the first mode is 120Hz, the
inspiral range will decrease to about 80% for the most observable NS-NS binaries [50].
Here the inspiral range means the distance of a NS-NS binary which KAGRA can observe.
Moreover, there are many expectative observable gravitational waves from pulsars in the
most sensitive frequency range (100-200Hz) like J0537-6910 which is at the center of
a supernova remnant NGC 2060 in the Large Magellanic Cloud. In terms of the heat
extraction, the radius of the fiber should not be too small. The length of the fiber should
be long enough to make a space of the recoil masses for the mirror and intermediate mass
and for having a low resonance frequency of the pendulum mode. Because of the above
situation, the current design of the fibers is 1.6mm diameter and 300mm length. In this
case, the first violin mode frequency is ∼210Hz.

Bending length

If very thin wires are used to suspend the mirror, the bending point of the wires are
very close to the fixing points of the wire. In the case of the thick wire like 1.6mm
diameter sapphire fiber, the bending point appears significantly far from the fixing point.
A schematic figure of the bending length b is shown in Fig.3.3.
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Figure 3.3: Bending length of the fibers. If the fibers are thin, the bending point will
be very close to the fixing point of the fiber like the left figure. If the fibers are thick
like KAGRA sapphire fiber, the bending point will be away from the fixing point like the
right figure. b is the distance between the bending point and fixing point, which is called
bending length.

If the fixing points of the wires on the mirror are the same horizontal plane as the
center of mass of the mirror, the mirror rotates counterclockwise when a force is applied
from the left side through the center of the mass of the mirror. This means the coupling
between the translational motion along the beam line and the angular motion (pitch
mode). In order to decrease this coupling, the bending point should be closer to the
center of the mass of the mirror1. This is why the ears are designed to be attached on the
lower sides instead of the right besides.

In the case of one wire and a point mass, G. Cagnoli et al. showed the bending
length can be written as the following in their paper about damping dilution factor for
a pendulum [55]. This equation also can be used for the KAKGRA fiber because the
calculated bending length by this equation is much smaller than the total length of the
fiber.

b =

√
Y I

T
, (3.7)

there Y, I, T are the Young’s modulus, the inertia moment of area of the wire and the
tension in the wire. Here L/b ≫ 1 is assumed. In the case of KAGRA, because the fibers
are cylinder shape which has radius r,

I = π
r4

4
. (3.8)

1Of cause if the bending point and the center of mass are on the same horizontal plane, it would be
unstable when one of the fibers is broken.
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Therefore, the bending length b is,

b = r2

√
Ysaπ

Mg
, (3.9)

there Ysa(= 400GPa) is the Young’s modulus of sapphire. If KAGRA parameters are
assigned, b = 4.8 cm.

According to the above conditions, the size of the fiber is decided: 1.6mm diameter
and 300mm length. Figure 3.5 shows the fiber shape. (15 years ago, because the thermal
conductivity of the sapphire fiber was not clear, thinner fibers were assumed to be used.
∼ 1mm diameter or thinner [57].)

This sapphire fiber is a very important part in the cryogenic sapphire suspension
because the suspension thermal noise from the fibers is thought to be the main noise.
Also the fiber will limit the heat extraction from the mirror. Therefore, a study of the
impact from the sapphire fiber on the suspension thermal noise and measurements of
thermal conductivity of the sapphire fibers are performed. The details are reported in the
later chapters.

3.2.4 Sapphire blade

The maximum difference of the length of ten sapphire fiber samples (10 cm fiber) provided
by Impex was 0.45mm. Four of them were in similar lengths within 0.1mm. Therefore,
300mm length fibers can have a 0.3mm length difference, according to a rough estimation.
To compensate for this length difference, sapphire blade springs will be used. In the case
of a single spring system under the earth gravity, the displacement x and the resonance
frequency f have a relation as,

x =
g

4π2f 2
. (3.10)

In order that the displacement x can reach 0.6mm which is double the length difference
of the fibers, the frequency should be lower than 20.3Hz. On the other hand, there is
a pulsar at 22.5Hz, which is famous as the Vela pulsar. Below 15Hz is chosen for the
frequency of the sapphire blade spring, so as to keep away from the Vela pulsar frequency.
The length of the blades should be shorter than the radius of the mirror because of the
limited space. To reach such low frequency in the limited space, the blade shape is fixed
to a folded plate as shown in Fig.3.6.
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Figure 3.4: Ear. The rea-
son why it is triangle shape
is to reduce the mass. Figure 3.5: Fiber. Two

heads on the both ends to
be able to connect with
other components. The
head is 20mm cubic.

Figure 3.6: Blade. In order
to save space, this blade is
design as a folded shape.

3.2.5 Bonding

Two kinds of bonding will be used in the cryogenic sapphire suspension. One will be used
between the mirror and the ear to hold the mirror, which should be a strong bonding.
The other will be used between the fiber head and the ear, and between the fiber head and
the blade, which should be a detachable bonding technique. What should be checked are
the heat extraction and the impact on the suspension thermal noise. In this subsection,
the bonding techniques are explained.

Hydroxide-catalysis bonding

The connection between the sapphire mirror and the ear should be strong enough to
hold the mirror which has 22.3 kg weight and also the impact on the thermal noise from
this bond should be smaller than the design sensitivity of KAGRA. There were three
candidates for the bonding for this connection, which were indium bonding, diffusion
bonding and Hydroxide-catalysis bonding (HCB) [58]. Among these three candidates
HCB was the best possible candidate because the strength was thought to be good enough
and any heat and high pressure are not necessary during the curing process like diffusion
bonding. In the case of diffusion bonding, the bonding surface needs to be at ∼ 1000◦C
and high pressure ∼ 100MPa [56]. The strength of the indium bonding is the weakest in
these three candidates.

HCB is a bonding technique used in the Gravity Probe B [61, 62, 63], which is one
of the projects to verify the General theory of Relativity by observing the geodetic effect
and frame-dragging of the gravity from the earth. The interferometer gravitational wave
telescopes like LISA Pathfinder and GEO600, advLIGO, advVIRGO other than KAGRA
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also (will) use this bonding technic to connect optics. The merit of the HCB is that it
forms a strong and thin bond. Moreover, the bond is suitable for high vacuum and low
temperature. The strength test at low temperature is reported in a later chapter.

HCB can be applied to any material which has silicate structure. For the HCB between
silica-based materials is studied well by including the University of Glasgow. In the case of
silica-based materials, hydroxide ions in the solution erode silicon from the bulk bonding
surface then create Si(OH)4 in the bonding solution. After Si(OH)4 forms siloxane chain
as shown in Fig.3.7. Once the chains are formed, the connection is fixed. In the sapphire
case, not only siloxane chain, but also aluminate chain can be formed in the bonding
depending on the solution [60].

Si O Si O Si
OH

OH OH

OHOHOH

Figure 3.7: Siloxane chain formed in the bonding.

What should be tested for this bond is the strength after thermal cycles at low tem-
perature, heat extraction and mechanical loss. The requirements and results are reported
in the later chapters.

Indium bonding

One of the reasons why HCB is the best possible candidate to connect the ears to the
mirror is that HCB can form a strong connection. Therefore, it is difficult to remove it. If
the fibers or blades are broken by some accidents, we would have to discard also the mirror.
Therefore, a bonding technique which is easy to be removed should be used between the
mirror and fragile parts such as sapphire fibers or blades. Bonding using a metal which
has low melting point like indium or gallium is a candidate. The melting point of gallium
is 30 ◦C which is a bit too low in atmospheric pressure. Moreover, aluminum which is used
in many parts in the cryostat can be corroded by the gallium. In the case of indium, the
melting point is 157 ◦C and no special reaction with other metals. Furthermore, indium
can be soluble in acids. Because of these reasons, the indium bonding is the most possible
candidate for the detachable bonding.

3.3 Cooling system

The cryogenic suspension system will be cooled down to 20K [64]. Figure 3.8 shows a
schematic view of the cooling system.
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Figure 3.8: Cooling system of KAGRA. One cryogenic mirror will be surrounded by a
double radiation shield to be protected from the thermal radiation coming from the cham-
ber at room temperature. Two cryogenic coolers will be connected with the suspension
to cool it through heat links.

A large cryostat which has four cryocoolers will cool one cryogenic system, including
one sapphire mirror. Figure 3.9 is a picture of the cryostat manufactured by the Toshiba
Keihin Product Operations [47] in Yokohama city.

Figure 3.9: Picture of the cryostat of KAGRA in the factory of Toshiba in Yokohama
city. Four pulse tube cryocoolers are connected.

Pulse tube cryocoolers will be used because cryogen of liquid helium cannot be used in
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the tunnel for safety. Also, if cryogen is used, connections pipes for the cryogen can be the
vibration path from the outside. The principle of the pulse tube cryocoolers is given in the
following. Helium gas in the cryocooler is compressed in a compressor which has a cooling
system with water, and this compressed gas is carried into the cooling part, then the gas
expands at the cooling part to extract heat. Pulse tube cryocooler repeats this process
with a period of 1.6Hz. Each cryocoolers has two cold stages. The 1st stage cannot reach
a very low temperature, but it has a high cooling power to cool (30W at 50K). The 2nd
stage can reach a very low temperature, but it does not have a high cooling power (0.9W
at 4K). The KAGRA cryostat has double radiation shields which are called the 80K shield
and 8K shield, respectively. The 1st stages of all of the cryocoolers are connected with the
80K shield to keep this shield cold. The 2nd stages of two cryocoolers are connected with
the 8K shield. The 2nd stages of the other cryocoolers are connected with the cryogenic
suspension using soft heat links made of metal wires. This is to separate the cooling
path of the cryogenic suspension from the other components in order to keep the mirror
at a low temperature. The best possible candidate of the material of the heat links is
pure aluminum because of the high thermal conductivity, low Young’s modulus and small
density.

The cooling time of the cryogenic suspension is about one month [65]. The temperature
change of a test mass can be written like the following.

dT

dt
=

Q(T )

MC(T )
, (3.11)

where Q, T,M and C are the flow of the heat, the temperature, the mass and the specific
heat of the test mass, respectively. The cryogenic suspension will be cooled mainly by
thermal radiation process down to ∼ 150K, and below this temperature the main con-
tribution becomes a mechanical heat transfer because the heat transfer by the radiation
is proportional to the difference of the fourth power of the temperature and the thermal
conductivity of the heat links (pure metal) at a cryogenic temperature is higher than that
at room temperature. The heat flow by the thermal radiation Qr between the heat bath
which has a temperature Tb and the test mass which has a temperature Tt can be written
as

Qr(Tb, Tt) = ϵtAtσ(T
4
t − T 4

b ), (3.12)

where ϵt, At and σ are the emissivity, the effective surface area of the test mass and the
Stefan-Boltzmann constant. On the other hand, the heat flow by the mechanical path
Qm is described by

Qm =
NS

l

∫ Tb

Tt

κ(T ′)dT ′. (3.13)

At the last several tens Kelvin in the cooling process of the cryogenic suspension, the
temperature goes down very rapidly because the specific heat goes down in proportion to
the cubic of the temperature.

As described above, two cryocoolers are mechanically connected with the cryogenic
suspension through the heat links to cool it down by thermal conduction. In order to
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reduce the vibration of the heat links, connecting the heat links against the cryostat or
radiation shield which is massive is planned. This means the vibrations of the cryocoolers
and the radiation shield are also transferred to the cryogenic suspension and the main
mirror. In the case of the Cryogenic Laser Interferometer Observatory (CLIO) in Japan,
which is a 100m cryogenic interferometer [14, 15], the cryostat increased vibration by
100 times [16]. Because of these reasons, the vibration in the KAGRA cryostat needs to
be estimated in the early stage to make measurements in the case of that the vibration
of the cryostat is too large. Measurement of the vibration in the KAGRA cryostat was
performed in 2013 in a factory of the Toshiba company which produced the cryostats to
estimate the vibration of the radiation shield in Kamioka mine. The detail is described
in the later chapter.
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Chapter 4

Requirement of KAGRA sapphire
suspension

In order to design the cryogenic sapphire suspension, the mechanical loss related to the
thermal noise and the thermal conductivity related to the heat extraction have to be
taken into account. In this chapter the requirements of the mechanical loss and thermal
conductivity or heat extraction are described.

4.1 KAGRA sapphire suspension model

A 3D CAD model of the cryogenic sapphire suspension is designed by using an Inventor
software produced by Autodesk. In order to calculate the elastic energy Umax closely
related to the thermal noise, ANSYS workbench v15.0 was used. The model is shown in
Fig.4.1. To put the center of gravity of the mirror close to the bending point of the fibers,
the bottoms of the ears are located by 45mm below the center of the mirror. The reason
why the center of gravity of the mirror is below the bending points by 3mm is to avoid
unstable condition even if one of the fiber breaks. The face-on figures of the bondings are
shown in Fig.4.2. In order to calculate the energy in the bonds, the author and colleagues
calculate the case of thickness 50µm by ANSYS and scale the energy for the thickness of
the real bond.
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Figure 4.1: Model of the cryogenic sapphire suspension system. Two ears are attached
on the side of the mirror by hydroxide catalysis bonding. Four fibers which have heads
are suspending the mirror via the ears. The upper head of the fiber is on the blade which
is fixed on the intermediate mass. Indium bonding is used between the ear and the fiber
head, and between the fiber head and the blade.

Figure 4.2: Bonding surfaces. Left is the indium bonding for the upper side. Center is
the indium bonding for the lower side. Right is the HCB.

4.2 Thermal noise estimation methods

Thermal noise is a fundamental limit in sensitive measurements. For example, voltage
thermal noise of resistance is one of the main noises in electrical circuits. Cryogenic
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techniques enhanced the resolution of electron microscopes. In the gravitational wave
telescopes, thermal noise is also a main noise of the telescopes.

There is an important theorem for the thermal noise called the fluctuation-dissipation
theorem which joints the thermal noise and the dissipation of the system [66, 67, 68, 69].
At first, a simple model about relationship between thermal noise and the dissipation is
described here.

k

r

m

x

Figure 4.3: One spring with a velocity damping system. A point mass is supported by a
spring which has a spring constant k and a damper which has a friction r.

The Langevin equation of a system with a test mass, a spring and a friction source as
shown Fig.4.3 is given by

mẍ = Fth − rẋ− kx, (4.1)

where m is the mass of the test mass, x is the displacement, r is the friction factor, k is
the spring constant and Fth is a fluctuating force caused by the random impacts of the
molecules because of the friction. This Fth can be written by

F 2
th = 4kBTr (4.2)

This equation can be solved in the frequency domain as

x2(ω) =
4kBTr

(k −mω2)2 + r2ω2
. (4.3)

This gives a power spectrum of the thermal noise of a one spring with a damper which
has a friction proportional to the velocity.

The fluctuation-dissipation theorem indicates that if the thermal driving fluctuating
force Fth is written by

F 2
th(ω) = 4kBTR(ω), (4.4)

where R(ω) is the mechanical resistance which is the real part of the impedance Z:

Z ≡ F

ẋ
, (4.5)
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then the power spectrum of the test mass is given by

x2(ω) =
4kBTσ(ω)

ω2
, (4.6)

where σ(ω) is the mechanical conductance:

σ(ω) = Re [Y (ω)] . (4.7)

In this equation, Y (ω) is the admittance, which is the inverse of the impedance:

Y (ω) =
1

Z(ω)
. (4.8)

Equation (4.6) is called the first fluctuation-dissipation theorem [68]. If Eq.(4.6) is used to
calculate the thermal noise in the case of the one spring with a damping system described
by Eq.(4.1), Eq.(4.3) can be derived naturally.

In the case of gravitational wave telescopes, internal damping is more natural than
the damping proportional to the velocity. See Fig.4.4.

k[1+i ( )]
m

xxg

Figure 4.4: One spring with internal damping system. A point mass is supported by a
spring which has a complex spring constant k(1 + iϕ(ω)).

For the internal damping the spring constant can be assumed to be complex:

Fspring = −k [1 + iϕ(ω)] x. (4.9)

The equation of motion becomes

mẍ = −k(1 + iϕ)(x− xg) + F. (4.10)

Then the transfer function H and the mechanical impedance Z are given by

H ≡ x

F
=

1

−ω2m+ k(1 + iϕ)
, (4.11)

Z ≡ F

ẋ
= iωm+

k

iω
+

kϕ

ω
. (4.12)
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Because of the fluctuation-dissipation theorem the thermal noise power spectrum can be
written like the following.

x2(ω) =
4kBTσ(ω)

ω2
(4.13)

=
4kBTkϕ(ω)

ω [(k −mω2)2 + k2ϕ2]
(4.14)

This is the thermal noise of a spring which has internal damping.
The most common function of the loss ϕ(ω) is that the value is constant over a broad

frequency band. Sometimes the loss depends on the frequency. One of the important
example is thermoelastic damping. This is significant especially in some thin structure of
wires or fibers. Because the coefficient of thermal expansion is not zero, the temperature
of the sample depends on the strain. When non-isotropic strain occurs in the sample, heat
flows from the high temperature part to the low temperature part to restore equilibrium.
During this process, the elastic energy dissipation occurs. The detail is explained in the
paper of Zener [73, 74]. The loss of this thermoelastic damping ϕED is described as the
following.

ϕED = ∆
ωτ

1 + ω2τ 2
, (4.15)

where ∆ is called the relaxation strength, τ is called relaxation time, which can be written
as the following respectively in the case of a cylinder shaped wire or fiber.

∆ =
Y α2T

c
(4.16)

fr =
1

2πτ
= 2.16

D

d2
(4.17)

Y, α, T and c in the equation are the Young’s modulus, the linear coefficient of thermal
expansion, the temperature of the sample and the specific heat per unit volume. D is
called the thermal diffusion coefficient, which satisfies D = κ

c
, where κ is the thermal

conductivity, and d is the diameter of the wire or fiber. The mechanical loss of the
sapphire fibers at the room temperature is thought to be dominated by this damping.

In order to calculate complex systems, a direct approach which is described in the
next section indicated by Levin in his paper can be used [18].

4.3 Suspension thermal noise

4.3.1 Thermal noise estimation by a direct approach

The paper written by Levin showed a direct method to calculate the thermal noise of a
system for a gravitational wave telescope. His method is calculating the thermal noise
from the stored energy in the system under a beam shaped force applying to the surface
of the mirror.

Let’s assume a force which has a frequency f on the mirror surface:

F (t) = F0 sin(2πft). (4.18)
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Then, because the mechanical admittance Y (f) is

Y (f) =
ẋ(f)

F (f)
=

2πifx(f)

F (f)
, (4.19)

the displacement x(f) can be written as the following,

x(f) =
Y (f)F (f)

2πif
(4.20)

=
Re [Y ]F0 sin(2πft)

2πif
+

Im [Y ]F0 sin(2πft)

2πf
. (4.21)

The time derivative of x is

dx(f)

dt
= Re [Y ]F0 sin(2πft) + Im [Y ]F0 cos(2πft). (4.22)

The power W and the force should have a relation as

W = f

∫
one cycle

Fdx = f

∫ 1
f

0

F
dx

dt
dt (4.23)

= F 2
0Re [Y ]

∫ 1
f

0

sin2(2πft)dt (4.24)

=
F 2
0Re [Y ]

2
. (4.25)

Therefore,

σ(ω) = Re [Y ] (4.26)

=
2W

F 2
0

. (4.27)

If the fluctuation-dissipation theorem is applied, the thermal noise power spectrum can
be estimated:

x2(f) =
4kBTσ(ω)

(2πf)2
(4.28)

=
2kBT

π2f 2

W

F 2
0

. (4.29)

If the Young modulus E depends on the mechanical factor as in Eq.(4.9):

E = E0 [1 + iϕ(f)] . (4.30)

There, W can also be described as the following.

W = 2πfUmaxϕ(f), (4.31)

where Umax is the elastic energy when the test mass is at the maximum displacement.
From the above, in order to calculate the thermal noise x2(ω), we can apply a force

whose profile is the same as the beam profile in a simulation and calculate the elastic
energy Umax stored in the system [18].
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4.3.2 Thermal noise of KAGRA sapphire suspension

Requirements for mechanical loss values

The requirements are decided based on the design sensitivity of KAGRA [75]. See Fig.2.10.
Thermal noise because of each part is calculated using an appropriate mechanical loss
value, then we compare the calculated result with the design sensitivity to determine the
mechanical loss for each part. Basically, the requirements of the thermal noise from each
part are set to be lower than the design sensitivity by a factor of 2 in terms of strain.
But in the low frequency band, the thermal noise from the fiber is thought to be around
the required value according to the previous measurement for the thin fiber [17]. So the
requirements of the other components were set to be lower than the required thermal
noise of the fiber by a factor of 3 between 10Hz and 50Hz. This means if there are nine
components which create the required thermal noise, the sum of them will finally reach
the noise level because of the fiber.

It is the first estimation of thermal noise of a suspension under load using the Levin’s
method in this frequency band.

First, the requirements of mechanical loss for the clamps, blades, fibers and ears are
shown in Table 4.5.

Table 4.1: Mechanical loss requirements
Component ϕreq

Ear 1.0× 10−4

Fiber 2.0× 10−7

Blade 7.0× 10−7

ClampU 8.6× 10−4

ClampB 8.6× 10−4
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Figure 4.5 shows the thermal noise from each sapphire part with the required mechan-
ical loss.
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Figure 4.5: Thermal noise spectrum of sapphire parts calculated from the required me-
chanical loss. The red line is the design sensitivity of KAGRA. Other lines are thermal
noise from each part of the sapphire suspension when each parts have the required me-
chanical loss.

Next, the requirements for bonds are shown in Table 4.6. The thickness of the indium
bonding is ∼ 1µm because this thickness is needed to smooth the sapphire surface and
there is no difficulty to use an evaporation technique to make such layer. Moreover, foils
of indium are also available for purchase. The thickness of HCB is ∼ 60nm reported by L.
Cunningham et al in their paper [70]. Because the thickness of the bonds is much thiner
than the other structures, the energy in the bonding can be assumed to be proportional
to the thickness. This means if 10 times thicker bond is used, the requirement will be 10
times lower for the mechanical loss of the bond to cancel.

Table 4.2: Mechanical loss requirements
Component Thickness ϕreq

Bond between a blade and a fiber 1µm 1.5× 10−2

Bond between a fiber and a ear 1µm 1.5× 10−2

Bond between a ear and the mirror 60nm 1
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Figure 4.6 shows the thermal noise from each bonding which has required mechanical
loss.

10-26

10-25

10-24

10-23

10-22

10-21

10-20

10-19

10-18

10-17

10-16

 1  10  100  1000

S
tr

ai
n 

[1
/r

tH
z]

Frequency [Hz]

HCB*2 phi=1.0
InB Bottom*4 phi=1.5e-2

Fiber*4 phi=2.0e-7
InB Upper*4 phi=1.5e-2

bKAGRA

Figure 4.6: Thermal noise spectrum of bonding parts calculated from the required me-
chanical loss. KAGRA design sensitivity is the red line. The thermal noise from bonds
and fibers are plotted in this graph when the bonding and fiber have required mechanical
loss.

Normally, the parts closer to the mirror than the fiber create higher thermal noise in
the high frequency range. For example, the thermal noise from the indium bond between
the ear and the fiber (InB Bottom in Fig.4.6) is higher than that of the indium bond
between the fiber and the blade (InB Upper in Fig.4.6) in the high frequency range in the
case of the same mechanical loss. This is due to the suppression by the fiber pendulum.

Table 4.3 shows the physical properties used in the thermal noise calculation.

Table 4.3: Physical properties used in the thermal noise calculation
Material Young’s modulus [GPa] Poisson’s ratio Reference

Sapphire 460 0.25 [71]
HCB 7.9 0.25 [58]
Indium 19 0.3 [72]

The way to reduce the requirement

When we look at the thermal noise from HCB carefully, we can find that the curve is
straight above 30Hz and the noise at 80Hz is the closest point to the design sensitivity
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of KAGRA. This noise at 80Hz is still acceptable, but it can be reduced even if the
mechanical loss vales are the same. The way is to reduce the mass which is attached
on the bond at the ear and the sapphire fiber heads because the noise level above 80Hz
depends on the reaction mass on the bond.

The principle of the thermal noise calculation is to calculate the elastic energy in the
bond under applying a force on the mirror. Therefore, a simple model shown in Fig.4.7
can be used.

k
m

x1

x2

MF

Figure 4.7: A simple model of a reaction mass. Two masses are connected with each other
by a spring which has a spring constant k.

Equations of moment for each mass in this model can be written by

M
d2x1

dt2
= F − k(x1 − x2) (4.32)

M
d2x2

dt2
= k(x1 − x2) (4.33)

By applying Fourier transformation:

−ω2Mx1 = F − k(x1 − x2) (4.34)

−ω2mx2 = k(x1 − x2) (4.35)

Therefore, the energy Ee in the spring can be described as

Ee =
1

2
k(x1 − x2)

2 (4.36)

=
1

2

(
Fm

kM

)2

, (4.37)

where ω ≪
√

m+M
mM

k and m ≪ M are assumed. The higher energy value means the

higher thermal noise from the spring which is a bond in the case of KAGRA if the spring
has a mechanical loss. This equation means the energy in the spring is proportional to
m2 which is the mass attached to the bond. Because the thermal noise power spectrum
density is proportional to the square root of the energy, the noise is proportional to the
mass m.
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In the case of HCB in the KAGRA cryogenic sapphire suspension, the attached masses
are the ear and two fiber heads. Each mass of them is

mear = 111[g] (4.38)

mhead = 32[g]. (4.39)

Therefore, if the size of the fiber head or ear is decreased, the thermal noise from the
HCB can also be decreased at high frequencies. The thermal noise with big fiber heads
(tickness = 20mm: base design) and that with small fiber heads (tickness = 10mm) are
calculated for comparison. The thermal noise of HCB, the ear and the indium bonding
around 100Hz with a small and large head is shown in Figs.4.8, 4.9 and 4.10.
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Figure 4.8: Thermal noise from HCB in the
case of small/big head. In the case of the
small fiber head, the thermal noise is smaller.
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Figure 4.9: Thermal noise from the ear in
the case of small/big head. In the case of the
small fiber head, the thermal noise is smaller.
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Figure 4.10: Thermal noise from the indium bonding(InB) on the ear in the case of
small/big head. In the case of the small fiber head, the thermal noise is smaller.

From the calculated results, the thermal noise with small heads is 82% (HCB), 85%
(ear), 49% (indium bonding bottom side) of the noise with big heads in the straight region.
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The mass ratios are:

mear + 2msmall head

mear + 2mbig head

= 0.82 (4.40)

msmall head

mbig head

= 0.50. (4.41)

These values are consistent with the thermal noise calculation.
As just described above, in order to decrease the thermal noise on the bonding under

the same mechanical loss, decreasing the mass on the bond is an obvious choice. This
also indicates that if a heavy mass is attached on the mirror via HCB in place of the ear
shown above, the thermal noise could exceed the design sensitivity of KAGRA.

4.4 Thermal conductivity

During the operation of KAGRA, a high power laser passes through the front mirrors,
then a part of the power is absorbed into the mirrors. So as to keep the mirrors at 20K,
this absorbed power should be extracted from the mirror through the cryogenic sapphire
suspension. Because sapphire is known as a very high thermally conductive material at
low temperatures, sapphire bulk parts of ears, blades and clamps should not cause any
problems. But thin elements of the fibers and non-sapphire parts of bonds are the points
that should be investigated.

The input laser power into the power recycling cavity is planned to be 80W at the
maximum [76]. The power in the power recycling will be PINm = 800W because of the
gain 10 of the power recycling and this power also penetrates into the inside of the front
mirror. Thus, a part of this power will be absorbed by the sapphire mirror bulk with the
absorption coefficient αm. The mirror coating which faces toward the main arm cavity also
absorbs the power of the laser. The laser power in the arm cavity will be PInc = 400 kW
because of the cavity gain. Therefore, a part of this main cavity power is absorbed by
the coating with the absorption coefficient αc. In order to estimate the power that should
be extracted from the mirror, the information of the absorption is necessary. The lowest
absorption in the samples measured by the KAGRA mirror group was αm ∼ 30ppmcm−1

although the measured samples have a spread (30 ∼ 70ppmcm−1) [77]. In the case of the
coating, αc ∼ 0.5ppm is used here [78]. Because the thickness of the mirror is tm = 0.15m,
the power Pi which should be extracted during operation from the mirror is

Pi = PINmtmαm + PINcαc (4.42)

= 560[mW]. (4.43)

4.4.1 Fibers

The KAGRA cryogenic mirror will be suspended by four sapphire fibers, which are 300mm
in length and 1.6mm in diameter. Because the intermediate mass will be kept at 16K dur-
ing the operation, the difference of temperature between the mirror and the intermediate
mass is ∆T = 4K if the temperature of the mirror is kept at 20K. Then the requirement
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for thermal conductivity of the fiber κf Req can be determined by the equation of heat
transfer

∆P =
A

l
κf Req∆T, (4.44)

where ∆P is the power, which should be transferred by one fiber, A, l are the cross section
and the length of a sapphire fiber, respectively. Therefore, the requirement can be given
by

κf Req = 5000[W/mK]. (4.45)

4.4.2 Bondings

The requirement of the heat transfer of the bond can be determined easily. Because the
temperature difference between the mirror and the intermediate mass is 4K, the required
temperature difference through each bond is set as 0.1K. As explained in a later chapter,
measurement of the thermal conductivity of bonded sapphire samples was performed. See
Fig.4.11.

sapphire sapphire

Bond

T1 T2

l

Figure 4.11: Schematic view of the thermal conductivity measurement of a bonded sam-
ple. Temperature gradient through the bonded sample can be measured by the two
thermometer T1 and T2.

The value of κ
l
of the samples which include a bond can be estimated from the ex-

periment. Here the requirement for this value can be determined using the following
equation.

∆P = A
κ

l
∆T, (4.46)

where ∆P is the power, which should be transferred to each bond, A is the cross section
of each bond and ∆T = 0.1K is the required temperature difference through the bond.
In order to be on the safe side, the heat conductivity of the sapphire blocks are assumed
to be high enough. Therefore, the temperature difference between the sensors is assumed
to be caused by the bond. Therefore, in the case of HCB, the requirement is

κ

l HCB Req
=

∆P

A∆T
(4.47)

= 1000

[
W

m2K

]
, (4.48)
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where ∆P is 0.25W andA is 80×30mm2. (Because the total power needs to be extracted is
∼0.5W and a mirror has two faces of HCB, ∆P =0.25W.) In the case of indium bonding,

κ

l InB Req
=

∆P

A∆T
(4.49)

= 3000

[
W

m2K

]
, (4.50)

where ∆P is 0.12W and A is assumed to be 20×20mm2. (Because the total power needs to
be extracted is ∼0.5W and a mirror has four faces of the indium bonding, ∆P =0.12W.)

4.5 Strength

The fragile parts in the cryogenic sapphire suspension are the fiber and the bonding
between the mirror and the ear.

4.5.1 Sapphire fiber

Because 5.7 kg weight will be loaded for each sapphire fiber, a maximum tolerable weight
of 17 kg is the requirement for each fiber with a safety factor of 3. The strength test
for the fiber has been performed by Giles Hammond (Glasgow University) and Ettore
Majorana (the University of Rome). They tested three short fibers (∼10 cm), one of them
is a monolithic fiber (this fiber is called “type A fiber”) and another is a “non-monolithic”
fiber (this fiber is called “type B fiber”), and the other one is so called “type C fiber”.
All of them were produced by Impex [53]. The “monolithic” fiber (type A fiber) is a
thin monolithic fiber part with heads, which they produced by shaping from one piece of
sapphire crystal. The “non-monolithic” fiber (type B filer) is a fiber with heads, which
is not monolithic, but connected by plasma-welding to make a quasi-monolithic joint
(alumina brazing). This type B fiber is called HEM fiber, which stands for Heat Exchanger
Method fiber. This method can control the growth process by the heat exchanger gas.
The fiber part of the type B was thermo-polished, which is a technique to reduce defects
on the surface by a high temperature gas flow through the surface [54]. Type C fiber is a
fiber with monolithic head and a welded head. At first, one head with a neck (∼ 10mm)
was produced, then a fiber was grown from the neck as a seed. The pictures of the fibers
for the breaking test are shown in Fig.4.12.
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Figure 4.12: Sapphire fibers for the strength test. The left figure is a Type C fiber. The
center figure shows a Type A fiber. The right figure is a Type B fiber.

“S1” is the type C fiber, and “S2” is the type A fiber, and “S3” is the type B fiber.
They were loaded with 6.5 kg and 15 kg then were shaken by 5-7mm amplitude. In the
result all of the fibers survived. After the vibration test, static load test was performed.
Table 4.4 shows the result.

Table 4.4: Strength test result

Sample number Type specialty Maximum load

S1 C Monolithic head and neck, no polish > 90 kg
S2 A Monolithic, no polish 56 kg
S3 B Non-monolithic: plasma-welding, HEM, thermo-polish 35 kg

The sample “S1” could not be broken because of the apparatus. All of the fibers were
found to be strong enough.

4.5.2 Bond

The bonding (HCB is the strongest candidate) between the mirror and the ear has to hold
the weight of the mirror. The author and colleagues determined that the bonding surface
should have a 30mm × 80mm area, to have a safe margin for the strength of HCB and
keep enough space between blades. According to a simple calculation below, the strength
of HCB should be

T =
F

S
(4.51)

=
Mg

S
(4.52)

= 92 [kPa], (4.53)

where M = 22.6 kg is the mass of a main mirror, g = 9.8m/s2 is the acceleration of
gravity, S = 30mm× 80mm× 2 = 4.8 × 10−3m2 is the sum of the bonding area between
the mirror and the ears.
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Calculation of the stress on the bonding surface by a FEM simulation was also done.
In this simulation, we used the real KAGRA sapphire suspension model where the ear is
attached a little bit lower than the gravity center of the mirror. While this position of the
ear minimizes the size of the ear, tearing stress on the surface can also be reduced. Only
the standard gravity is applied to the sapphire suspension in this simulation. The result
is shown in Fig.4.13.

Figure 4.13: Stress on the HCB surface. The maximum value is 0.43MPa which is higher
than what is given by a simple calculation.

According to this simulation, the maximum stress on the bonding surface is 0.43MPa.
1MPa can be set as the strength requirement adapting a safety factor of 2. This is the
requirement at temperatures from 10K up to room temperature.

In addition, normally a large-scale interferometer needs to be adjusted many times
at many points including main mirror suspension. Therefore, the cryogenic system will
experience thermal cycle several times until the stable operation is reached. According
to the current cooling system, it takes 40 days to cool down and also 10 days to warm
up. If the maintenance takes one month or more at room temperature, one thermal
cycle takes three months. This indicates that the cryogenic suspension should experience
< 2 times of thermal cycle per year to secure a sufficient observation time. If the first
cryogenic payload will be used for ten years, the HCB on the mirror should experience
20 thermal cycles. From this assumption, the strength test at liquid helium temperature
was performed after 10 or 20 thermal cycles. The result is shown in a later chapter.
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Chapter 5

Mechanical loss measurement

In this chapter, mechanical loss measurement experiments are reported. As described
above, in order to achieve low thermal noises, each part in the cryogenic sapphire sus-
pension should have low mechanical loss. Even sapphire is known as a low mechanical
loss material at low temperatures, thin sapphire parts, and bonding can be noise sources.
Therefore, the mechanical loss of sapphire fibers, HCB and indium bonding were mea-
sured.

There are two popular methods to estimate the mechanical loss. One is to measure the
decay time of the eigenfrequency. In the case of inertial damping, the impulse response
of an oscillator can be given by

x(t) =
F

mω2
0ϕ

exp
(
−ω0

2
ϕt
)
sin(ω0t), (5.1)

where ω0 is the resonance angle frequency. The mechanical loss ϕ can be estimated from
the exponential fitting of the decay curve after an excitement of the resonance mode. The
amplitude of this signal will be 1

e
of the initial value when

t =
2

ω0ϕ
. (5.2)

This value is called the decay time.
The other way to estimate the loss is to measure the spectrum around the resonance

frequency. When the angular frequency ∆ω satisfies the condition∣∣∣∣H (
ω0 ±

∆ω0

2

)∣∣∣∣2 = |H(ω0)|2

2
, (5.3)

where H(ω) is described by Eq.(4.11), the value of ∆ω0 should be

∆ω0 = ω0ϕ. (5.4)

This ∆ω0 is the so-called half width. Therefore, the loss can be estimated from this half
width if the spectrum of the resonance frequency is measured.

Usually, the decay time measurement method is used for the measurement because a
very high frequency resolution is necessary in the case of very low loss for the spectrum
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measurement. As described above, the resonance frequency also affects the decay time:
the higher resonance frequency has a shorter decay time. Therefore, when the decay
time was too short to measure because of the high loss or high resonance frequency, the
spectrum measurement method was performed.

5.1 Sapphire fiber

In this section the measurement of the sapphire fibers is described. As reported by T.
Uchiyama in their paper [17], the mechanical loss of a sapphire fiber which has 250µm
diameter without any head was measured, and showed that the mechanical loss value
was acceptable for KAGRA. But there were no any measurements of a thick fiber like
1.6mm diameter and a fiber with heads which are designed for KAGRA cryogenic sapphire
suspension.

Short fibers (∼ 10 cm) were measured for brevity. The diameter of the fibers is 1.6mm.
The requirement of the mechanical loss is 2× 10−7 as shown in the previous chapter. The
pictures of the fibers the author and colleagues measured are shown in the Fig.5.1.

Figure 5.1: Fibers of which we measured the mechanical loss. On the left side is type A
fiber and on the right side is type B. The total length of a fiber is 10 cm. The diameter is
1.6mm. Both heads on the end of the fibers have 10mm in diameter and 5mm thickness.

Two kinds of fiber were measured. One of them is a monolithic fiber whose heads and
fiber part are monolithic (Type A fiber). The other fiber is a non-monolithic fiber whose
connection points between heads and fiber are brazed through alumina (Type B fiber).
The type B fiber was manufactured by HEM and experienced a thermo polish.

5.1.1 Experimental setup

In order to measure the mechanical loss, we need an actuator to excite the resonance
frequencies or resonance modes and a sensor to monitor the vibration of the fiber.

The electrostatic actuator used for the exciting is a common contact-less actuator.
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Figure 5.2: Principle of an electrostatic actuator. When a voltage is applied between two
plates, attractive force arise between the plates.

If we assume a condenser like Fig.5.2 in vacuum, the electrostatic energy Ues in the
condenser can be written as

Ues =
1

2
CV 2 =

1

2

ϵ0A

x
V 2, (5.5)

where ϵ0 is the permittivity of a vacuum, A, x and V are the area, the distance and the
voltage difference between the two plates. Then the force between the two plates is an
attracting force Fes, which can be described as,

Fes =
∂Ues

∂x
= −ϵ0A

2x2
V 2. (5.6)

In order to have enough excitement, the actuator plate should be close to the sample
according to this equation.

On the other hand, the sensor we used is an optical sensor which is called a photon
sensor. This sensor emits light and estimate the distance between the sensor and the
target from the light reflected by the surface of the target. If the distance is long, the
detected reflection light is faint. The model number is “Fiberoptic Sensor Model D63”
produced by PHILTEC Inc [79]. An optical fiber was used to lead the light into a vacuum
chamber or a cryostat to sensing a target in there.

In order to measure a very low mechanical loss, a system which has very good vi-
bration isolation system was used to prevent the energy in the sample escaping from the
measurement system. Figure 5.3 shows a picture of the cryostat we used.
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Figure 5.3: Experimental part of the cryostat we used for the mechanical loss measurement
of sapphire fibers. Experiment box is suspended by three stages. The 1st stage in the
picture is suspended from the top flange of the cryostat by three metal wires. The 2nd
stage is suspended from the 1st stage by three metal wires. And the experiment box
is suspended from the 2nd stage by two metal wires. In order to cool the experiment
box, heat links made of pure aluminum are connected between the 2nd stage and the
experiment box.

This cryostat originally has two stages for vibration isolation: the 1st stage is sus-
pended from the flange of the chamber by three metal wires, and the 2nd stage is also
suspended from the 1st stage by three metal wires. The stages are connected with a
pulse tube cryogenic cooler by many soft copper heat links. The experiment box which
holds not only the fiber but also the actuator and the sensor are suspended from the 2nd
stage by two metal wires. The pictures of the box and the inside are shown in Fig.5.4. A
schematic figure of the measurement system is shown in Fig.5.5.
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Figure 5.4: Experiment room for the mechanical loss measurement of the sapphire fibers.
The left picture shows the view out of the experiment box which is suspended from the
2nd stage of the cryostat. The center figure is the drawing of the top plate of the box
which holds the fiber. The right picture is the inside of the box. A fiber, an actuator and
a sensor are there. The actuator and the sensor are not touched on the fiber.
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Figure 5.5: Schematic view of the fiber mechanical loss measurement setup. The exper-
iment box is suspended from the 2nd stage of the cryostat. The heat links for cooling
the sample is fixed between the sapphire head and the metal plate. The sapphire fiber is
fixed at the upper head. An electrostatic actuator and a optical sensor are fixed in the
experiment box.

The sapphire fiber was fixed on the copper top plate which has a cone shape part to
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put the fiber by a flat plate from the upper side. The actuator and the sensor were fixed
on the wall of the box made of aluminum. In order to cool down this experiment box,
the heat links were attached on the top of the box to connect with the 2nd stage of the
cryostat. A temperature sensor was attached on this box to monitor the temperature.

5.1.2 Experiment

In this experiment, we excited the modes of the fiber by the electrostatic actuator and
monitored the decay line of the motion by the sensor. We measured the mechanical
loss from the cryogenic temperature to the room temperature. The lowest temperature
was 18.5K (for the type A fiber) and 16.5K (for the type B fiber) which are in the
operating temperature range (16K - 20K) of the fibers in the KAGRA cryogenic sapphire
suspension.

Three modes were measured by the experiments. All of these modes could be predicted
by a FEM simulation using ANSYS. Figure 5.6 shows the mode shapes calculated using
ANSYS.

Figure 5.6: Mode shapes of a sapphire fiber. The 1st mode is 95Hz, the 2nd mode is
1327Hz, and the 3rd mode is 3871Hz in the simulation.

The resonance frequencies of the simulation were 95Hz, 1327Hz and 3871Hz, which
are consistent within several percent with the measured frequency. The mechanical loss
at room temperature is known to be dominated by the thermoelastic damping. (Equation
(4.15))

An example of the decay curve is shown in Fig.5.7.
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Figure 5.7: Example of the decay curve. The fiber of this data is non-monolithic fiber
(type B fiber), the temperature was 16K, the frequency was 88Hz and the fitting result
was ϕ = 1.2× 10−7. The fitting residual error was 0.02%

The measurement only recorded the amplitude changes of the sine wave because if all
data of the sine wave decay had been recorded, the storage would have been huge and
the recording speed could have been slow.

The measurement result of the type A fiber which is the monolithic fiber is shown in
Fig.5.8.
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Figure 5.8: Measured mechanical loss of the type A fiber. Solid lines are calculated
mechanical loss based on the thermoelastic damping (TED) which is considered to limit
the mechanical loss at high temperatures.

The resonance frequency split was found in the second mode and the third mode.
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These splits can be explained by the non-circular cross section of the fiber and the con-
nection between the observation direction and the vibration directions. In this graph the
calculated mechanical loss due to the thermoplastic damping are also plotted, which are
consistent with the measurement results at the high temperature range. This fiber does
not achieve the required value of the mechanical loss of the fiber which is ϕf < 2.0×10−7.

In Fig.5.9, the measurement result of the type B fiber which is a non-monolithic fiber
is shown.
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Figure 5.9: Measured mechanical loss of the type B fiber. Solid lines are calculated
mechanical loss based on the thermoelastic damping (TED) which is considered to limit
the mechanical loss at high temperatures.

At room temperature or in the high temperature range, the measurement result is
consistent with the calculated result from the thermoelastic damping. This fiber could
achieve the required value at low temperatures. The lowest mechanical loss was 1.1×10−7

at 16K for the fist mode. We measured the loss value twice at this temperature, then the
difference was ∼ 5%.

At the low temperature range, where the effect of the thermoelastic damping is low,
other un-know effects appear to limit the mechanical loss. Effects from the measurement
setup such as the reaction mass effect, explained in the section 4.3.2 and the loss at the
fixing point of the fiber are the candidates. In a way these measurements give an upper
limit for the mechanical loss. In the result of the type B fiber (non-monolithic fiber), the
dependence on the frequency was observed in low temperatures. Because the frequency
band of KAGRA is around 100Hz, we can focus on the first mode.

The differences between these two fibers are the connection points between the thin
fiber part and the heads, HEM or not and the polish (with thermo polish or without).
From these measurement results, we can say the connection between the fiber and the
heads of this type B fiber can not raise the mechanical loss above the requirement value
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around the most sensitive frequency band of KAGRA. Because the monolithic fiber had
higher loss than that of the non-monolithic fiber, the manufacturing method HEM or the
thermal polish or both can reduce the mechanical loss. The most emphasized points from
these measurements is that the fiber which can achieve the required mechanical loss is
manufacturable.

5.2 Indium bonding

Indium bonding will be used between the ear and the fiber head, and also between the
blade and the fiber head to make a contact which can be debonded easily in the case
that parts are broken. In order to measure the mechanical loss of bonding, the author
and colleagues made a bonded sapphire sample and measure the mechanical loss of the
sample.

To produce indium bonding we used two methods. One is to use the vacuum deposition
technique to coat the bonding surface of the sapphire samples and put indium foil between
the coated samples, and then heat it up to ∼ 200 ◦C (indium bonding method 1). The
other is just putting a piece of foil between the sapphire samples and heat it up to
∼ 200 ◦C (indium bonding method 2). Using method 1 should be better because of
the better contact between indium and sapphire. But even we use method 2, the heat
extraction (and the strength) is enough, which is reported in latter chapters.

In order to measure the mechanical loss of indium bonding, we made a bonded sapphire
sample and compared the mechanical loss with the reference sample which has the same
shape as the bonded sample measured by the Jena group using the same apparatus as
we used for the bonded samples. We measured the mechanical loss of the indium sample
bonded by methods 1 and 2. For the HCB mechanical loss measurement, we used the
same experimental setup.
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5.2.1 Experimental setup

We procured three sapphire samples for this measurement from Impex [53]. Figure 5.10
is a picture of the samples.

Figure 5.10: Sapphire samples for the mechanical loss measurement of bonding. The
reference sample is 30mm in diameter and 120mm in length. Sapphire sample A has the
same diameter and 70mm length. Sapphire sample B has the same diameter and 50mm
length.

In order to estimate the mechanical loss, we need a measurement of a reference sample
to compare the measured mechanical loss. The reference sapphire sample has 30mm
diameter and 120mm length. The sapphire sample A and B have the same diameter, but
70mm and 50mm in length, respectively.

First we bonded the sapphire A and B together by indium bonding. In the case
of bonding method 1, we deposited indium (∼300 nm) on the surface of the samples in
advance. For bonding method 2, we did not deposit indium on the surface. We put the
sample B on a heated plate and put an indium foil which had 0.1mm thickness on the
sample B. The sample A and a weight (∼ 1.7 kg was on the bond in total) were put on
the indium bond to have a better contact at the bonding surface. Actually, in the case
of bonding method 1, we did not need to put a foil between the samples, but in order
to make a thicker bond which is easier to be measured, we used the foil. To keep a high
temperature, a beaker was put to cover the sapphire. In order to monitor the temperature,
we put a temperature sensor on the sapphire just above the indium layer. The picture is
shown in Fig.5.11.
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Figure 5.11: Indium bonding for the mechanical loss measurement. There is a temperature
sensor on the sapphire A just above the indium layer.

After bonding, we checked the thickness of the bond by a microscope. The pictures
taken with the microscope are shown in Fig.5.12.

Figure 5.12: Microscopic view of the indium boding. The thickness was measured by
counting the number of the pixels and comparing to a picture of a scale. (Bonding
method 1)

The thickness of the indium bonding was estimated by counting the number of the
pixels and comparing to the scale. In the result, the thicknesses were estimated as 14µm
(method 1) and 8µm (method 2).
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The cryostat we used was cooled by liquid nitrogen and liquid helium. The bonded
sample was suspended in the cryostat. A schematic figure and a picture of the system are
shown in Fig.5.13.

Figure 5.13: Measurement system for the mechanical loss of bonding. The cylinder mono-
lithic (or bonded) sapphire sample is suspended from a rigid structure by a U shape wire.
An electrostatic actuator face to the one of the faces of the sample. A laser sensor located
outside the cryostat monitors the vibration of the sample.

The bonded sapphire sample was suspended using one tungsten wire whose diameter
was 0.035mm. The reason why the sapphire A and B are not the same size is to prevent
this wire from touching the bonding. In order to excite resonance modes, an electrostatic
actuator was used. For sensing the vibration, we used an interferometric laser sensor from
outside the cryostat. Because this cryostat has double vacuum system, helium gas can
be used to be the thermal contact gas in the experiment room. This is why we can cool
down the sample which is suspended by only one thin wire.
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5.2.2 Experiment

We used the actuator to excite the modes of the sample and monitored the decay curve.
The mode we could measure is shown in Fig.5.14.

Figure 5.14: Mode shapes of the cylinder sapphire sample simulated by COMSOL.

In this simulation, we assumed that the effect from the bonding to the resonance
frequency is small enough that we just could use a cylinder shape sapphire model to
calculate the resonance frequency. The difference in frequency between the simulation
and the measurement was several percent.

An example of the decay curve is shown in Fig.5.15.
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Figure 5.15: Example of the decay curve for the indium bonding.
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The measured mechanical loss is shown in the Figs.5.16 and 5.17.
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Figure 5.16: Measured mechanical loss of the bonded sapphire sample (bonding method
1) and the reference sample. The losses of the reference sample are much lesser than that
of bonded sample. Mechanical loss of the bond can be calculated from this data.
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Figure 5.17: Measured mechanical loss of the bonded sapphire sample (bonding method
2) and the reference sample.

The mechanical loss of the reference sample measured by the Jena group is also plotted
in the figure. Here the mechanical loss of the reference sample is much lower than that of
the bonded samples.

The results shown in Figs.5.16 and 5.17 are only the mechanical loss of the bonded
sapphire sample. What should be estimated is the mechanical loss of the bonding. So
we needed to estimate the mechanical loss of the bonding from the measured data. The
mechanical loss of the substrate ϕsub, bonding ϕB and measured loss ϕmess are related as,

ϕmeasEtot = ϕsubEsub + ϕBEB, (5.7)

where Etot is the total elastic energy in the bonded sample under the mode, Esub, EB

mean the energy in the substrate and bonding, respectively. This equation indicates that
the sum of the lost energy in the substrate and the bond is equal to the total lost energy.
If we assume that the energy in bonding is much smaller than the total energy and the
mechanical loss of substrate is much smaller than that of the measured value1:

EB

Etot

≪ 1 (5.8)

ϕsub

ϕmeas

≪ 1, (5.9)

1Actually, the ratio of the energy in the bond to the energy in the substrate is about 10−3 to 1. The
measured mechanical loss of the bonded sample is higher than the loss of the reference sample by 2 orders
of magnitudes.
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the mechanical loss of the bond ϕB can be written like the following.

ϕB =
Etot

EB

ϕmeas (5.10)

In order to estimate the loss of the bonding, the elastic energy ratio between the total
and the bonding was calculated by using an FEM software COMSOL.

In the simulation by COMSOL, we assumed a sapphire cylinder and calculated the
total energy and the energy density on the plane of the indium bonding. Then we mul-
tiplied the thickness of the indium of our sample by the energy density. The simulation
results of the energy ratio are shown in Tables 5.1 and 5.2. These calculated ratios are
different from the ratio of the length of the sapphire sample and the indium bond because
the bond has different Young’s modulus from the sapphire.

Table 5.1: Simulated energy ratio
between the total and the bonding
(bonding method 1)

Mode number EB/Etot

1 1.4× 10−3

2 1.2× 10−3

3 3.1× 10−4

4 6.1× 10−4

Table 5.2: Simulated energy ratio
between the total and the bonding
(bonding method 2)

Mode number EB/Etot

1 8.5× 10−4

2 7.1× 10−4

3 1.9× 10−4

4 3.7× 10−4

The mechanical loss values of the indium bonding were estimated based on this energy
ratio. The result is shown in Figs.5.18 and 5.19.
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Figure 5.18: Mechanical loss of indium bonding (Bonding method 1). At the 20K, the
measured mechanical losses are smaller than the requirement of the mechanical loss of
this bond, which is 1.5× 10−2.
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Figure 5.19: Mechanical loss of indium bonding (Bonding method 2). Even if initial
evaporation coating was not used, the mechanical loss of the indium bond is smaller than
the requirement of 1.5× 10( − 2) at 20K.

As the result, the mechanical losses of the indium bonding at 20K ϕIn meas1 and ϕIn meas2

are

ϕIn meas1 = (3.1± 0.6)× 10−3 (5.11)

and

ϕIn meas2 < 1.4× 10−2. (5.12)

The requirement of this bond is 1.5× 10−2. Therefore, both of them satisfy the require-
ment. The present result shows, however, that it is better to use the evaporation technique
with the objective of being on the safe side. In order to make a 1µm thickness indium
bonding, the evaporation technique can be used. Using a foil is also possible in principle,
even though the handling is not easy. Method 1 is assumed in the following discussion.

5.3 HCB

In order to connect the ear against the mirror to hold the mirror, a bonding technique
named Hydroxid Catalysis Bonding (HCB) will be applied. There are no measurements
of the mechanical loss for this HCB at low temperatures. Thus the author and colleagues
measured it using the same method as the indium bonding measurement.

To measure the mechanical loss, we bonded two sapphire samples which are exactly
the same samples with the indium bonding using the same mount of solution reported
in the reference paper [80] which shows the thickness of the bond is ∼ 60 nm. Here we
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assume that the thickness of our bonded sample also has 60 nm thickness. If the thickness
is thicker than this value, it indicates that we overestimate the loss of the bond. So we
are on the safe side if we use 60 nm thickness for the energy calculation explained below.

In order to form a strong bonding of HCB, we need to wait for∼four weeks to evaporate
H2O in the bonding after the attaching process. This curing time affects its strength. In
the case of silica-silica bonding, the maximum strength was measured after bonding for
∼four weeks [59]. The strength behavior depending on the curing time for the case of
sapphire has not yet been studied. We also waited for at least ∼four weeks tentatively for
every bonding we did. In the previous studies, like the one by T. Suzuki et al. [20], KOH
solution was used for the sapphire bonding. As R. Douglas et al. reported on their paper
[60], Na2SiO3 solution has a much high strength for the sapphire sample. In their paper
they measured the tensile strength at 77K and room temperature without any thermal
cycles. Therefore, bonding solution we used is sodium silicate solution whose chemical
formula is Na2O(SiO2)x · xH2O produced by SIGMA-ALDRICH, which is reported as a
high strength solution for the sapphire sample in their paper.

Our bonding procedure is the followings.

1. Clean the sapphire surface using abrasive soap (Refre Clin made by Neo Star Co.).

2. Use purified water to rinse the soap off.

3. Repeat 1 and 2.

4. Clean the sapphire surface using Sodium Hydrogen Carbonate (NaHCO3).

5. Use purified water to rinse the soap off.

6. Repeat 4 and 5.

7. Put diluted solution (Volume ratio; solution : H2O = 1 : 6) on the bonding surface.

8. Put the other sapphire on the surface

We used 0.4µl diluted solution for each cm2.

5.3.1 Experiment

The experimental setup for this HCB mechanical loss measurement is the same as the one
for the indium bonding. So, in this section the description of the measurement system is
skipped.

The modes we observed are shown in Fig.5.20.
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Figure 5.20: Mode shapes of the sample simulated by COMSOL.

The frequency difference between the measurement and this simulation was several
percent.

This time, because the decay curve went down quickly, the method to estimate the
mechanical loss using spectrum measurement was also applied. Examples of the spectrum
and the decay curve are shown in Fig.5.21 and 5.22.
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Figure 5.21: Measured decay curve and the
fitting result for HCB sample.
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Figure 5.22: Spectrum and the fitting result
for HCB sample.

These example data in Figs.5.21 and 5.22 were measured at 20.1K and 20.2K. The
fitting results of the mechanical loss are (2.6 ± 0.2) × 10−5 in the case of decay curve
and (2.58 ± 0.03) × 10−5 in the case of spectrum measurement. These two methods are
consistent with each other within the uncertainties
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The measured mechanical loss of the bonded sapphire sample is shown in Fig.5.23.
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Figure 5.23: Measured mechanical loss of the HCB sample and the reference sample.
The mechanical losses of the reference sample are much smaller than that of the bonded
sample. The mechanical loss of the bond can be calculated from this data.

In this case, the condition of Eqs.(5.8) and (5.9) can also be applied and we calculated
the energy ration for the measured resonance modes by COMSOL:

Table 5.3: Simulated energy ratio between in the total and in the bonding (HCB sample)
Mode number EB/Etot

1 1.8× 10−5

2 1.3× 10−5

3 2.4× 10−5

The mechanical loss of the HCB was estimated. The result is shown in Fig.5.24.
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Figure 5.24: Mechanical loss of the HCB. The requirement is 1.0 for this bond. The
maximum mechanical loss at 20K is same as this value.

According to this result, the mechanical loss of the HCB at 20K is 1.0 at most. As
described in Chapter 4.3.2, the requirement of mechanical loss of HCB is 1.0. So the HCB
barely satisfies the requirement even if we take the safe side for KAGRA.
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Chapter 6

Thermal conductivity measurement

In order to keep the main mirror of KAGRA at low temperatures during the interferometer
operation, the heat from the mirror and coating that absorb the main laser beam should
be extracted. The heat will be extracted through the sapphire suspension, which contains
not only sapphire bulk, but also the bondings and the sapphire fibers. These can be
heat resistances. In this chapter, the heat extraction test of the sapphire fibers and the
bonding techniques are reported.

6.1 Sapphire fiber

The thinnest part of the cryogenic sapphire suspension system is the sapphire fibers.
As described by T. Tomaru et al. in their paper [81], the size effect on the thermal
conductivity of sapphire fibers exists. Therefore, the thermal conductivity of the sapphire
fibers for KAGRA should be measured. There were not any reports about the heat
extraction using a sapphire fiber whose diameter is 1.6mm with heads. The contents in
this section are published in a scientific journal, Class. Quantum Grav. [78].

6.1.1 Sapphire fiber samples

The author and colleagues measured three kinds of the fiber: type A fiber, type B fiber
and type C fiber 1. Type A fiber is a monolithic fiber manufactured from one sapphire
crystal and without any surface treatment like thermo-polish. (This fiber is addressed as
(1)-(4) in this section.) Type B fiber is a fiber manufactured by Heat Exchanger Method
(HEM) and thermo-polished. The fiber heads are connected by plasma-welding. (This
type of fibers is addressed as (i)) Type C fiber is the first-generation fiber for us, which
was manufactured from the monolithic head with 10mm neck. Thin fiber part was grown
from the neck. Finally the other head was jointed by the plasma-welding same as the
type B fiber. (This type fibers are addressed as (a) and (b))

1Data analysis and simulation for this fiber heat extraction measurement were performed by collabo-
rators of the Jena group and a collaborator in ICRR.
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6.1.2 Experimental setup

A schematic view of the experiment setup is shown in Fig.6.1.
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Figure 6.1: Thermal conductivity measurement setup for the sapphire fibers. The total
length of the fiber sample is 10 cm. A small resistor is attached on the one head of the
fiber. Two thermometers are attached on the fiber to monitor the temperature gradient
wrong the fiber.

One of the heads was fixed against a copper heat bath whose temperature was con-
trolled. Two temperature sensors (Lakeshore, DT-670) were attached on the fiber using
copper blocks whose contact length with the fiber was 3mm. The distance between the
sensors were in a range between 47mm and 51mm. A small heater which was a Surface
Mounted Device (SMD) resistor with 1 kΩ was attached on the free head to produce a heat
load to the fiber. The heat power ∆P through the fiber and the temperature difference
∆T can be described by

∆P =
A

l
κ∆T, (6.1)

where A, l and κ are the cross area, the length and the heat conductivity of the fiber. We
applied several different powers, and then measured the temperature difference between
the two sensors and estimate κ from the gradient of this equation. The measurement
error of κ was estimated to be a maximum value of ±10% mainly from the fiber diameter
of ±0.05mm and the distance between the temperature sensors of ±0.5mm.
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6.1.3 Measurement result

The measurement results are shown in Fig.6.2.
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Figure 6.2: Measured thermal conductivity of sapphire fibers. Three kinds of fiber were
measured. The requirement at 20K is 5000W/m/K. Type A and B had enough thermal
conductivity but the type C fibers did not have enough conductivity.

At 20K, type A fibers were in a range between 5400 and 5850W/m/K and type B
was 6600W/m/K, which are over the requirement value 5000W/m/K. The type C fibers
did not have enough conductivity. Therefore type A or B fibers are suitable for the fibers
of KAGRA sapphire suspension in terms of heat conductivity.
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6.1.4 Heat extraction test

The author and colleagues also had a heat extraction test for the fiber. We kept the
temperature of the heat sink at 16K which is the same temperature as the intermediate
mass. Then we increased the small heater power up to 1W to demonstrate the power by
the KAGRA mirror. The measured temperature on the top of the head, which the small
heater was attached to, are shown in Fig.6.3.
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Figure 6.3: Temperature at the head of the fiber when power was applied on the head.
“Monolithic” indicates the type C fiber and “welded” corresponds to the type B fiber.
The results of Finite Element Analysis (FEA) are also shown in the figure. A simulation
with a thin thermally resistive layer Rs ∼ 0.1...0.2K cm2/W between the fiber and the
head is also plotted in this graph.

In this figure, the result calculated by a Finite Element Analysis is also plotted. The
dashed line in the graph shows a simulation with a thin thermally resistive layer Rs ∼
0.1...0.2K cm2/W between the fiber and the head. Since the thin fiber length was 85mm
for the measurement, we have to look at 490mW point because one real fiber of KAGRA
should transfer 138mW with the 300mm length. Both of the fiber heads showed about
20K at this heating power. This suggests that in the real KAGRA case, the mirror would
be 20K during the operation. This also shows that the mirror absorption should be lower
than 30 ppm cm−1 and the absorption of the coating should be lower than 0.5 ppm in order
to keep the mirror temperature at 20K.
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6.2 Indium bonding

In order to estimate the influence on the heat extraction caused by the indium bonding,
the heat conductivity of bonded sapphire samples was measured. The sapphire samples
are 5mm×5mm×50mm in size. The author and colleagues bonded two samples together
to make a 100mm long bonded sample. Here we measured the thermal conductivity of
the bonded sapphire samples by two temperature sensors on the sample, then to judge
the heat extraction, we calculated the value of κ/l, where κ is the thermal conductivity
of the bonded sample and l is the distance between temperature sensors. This ratio can
be given by

κ

l
=

1

A

∆P

∆T
, (6.2)

which is the same as Eq.(4.49).

6.2.1 Experimental setup

In order to measure the heat conductance κ, we attached two temperature sensors on the
bonded sample. A schematic figure of the setup and a picture of the assembled sample
are shown in the Fig.6.4.

Figure 6.4: Setup for the thermal conductivity measurement of the bonded sapphire
sample. A small resistor heater is attached on the end of the bonded sample. Two
thermometers are on the sample to monitor the thermal gradient.

There is a heater attached on the end of the sample to make some heat flow. The
thermal conductivity of this bonded sample can be written like the following.

κ =
l

A

∆P

∆T
, (6.3)
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where A and l are the cross area (5mm× 5mm) and the distance between the temperature
sensors. We used a small heater (SMD resistance) on the top of the sample to change ∆P
and measured the temperature difference ∆T by the two sensors. Actually we changed
the input power2 by three or five steps and measured the temperature differences, and
estimated κ. The other end of the sample was attached on the copper block which was
connected with a pulse tube cryocooler. A heater was also attached on the copper block
to control the sample temperature in order to measure κ at several temperature points.

The temperature sensors were Cernox thermometers from Lake Shore [82]. While
these sensors were calibrated by a diode temperature sensor, the error of the reading tem-
perature was assumed to be ∼ 10mK. For this measurement, the absolute temperature
value is not important, but the readout behavior between the two sensors are important.
Figure 6.5 shows the error, which we assumed.

Figure 6.5: Schematic diagram of the temperature measurement error. We assume the
following: the baselines of the readout voltage from two thermometers are parallel to each
other but the readout fluctuation around the baseline is ∼10mK in terms of temperature.

In an ideal case, two thermometers should show exactly the same voltage at the tem-
perature: the two lines must be straight (in a small temperature range) and identical. In
the reality, it will not happen. But even if the two straight lines have some offset relative
to each other, the measurement will not be affected by the offset error. If the readout has
an error indicated in Fig.6.5, the measurement will have uncertainties in the estimate of
κ. In the analysis, we assumed this uncertainty to be ∼ 10mK.

2The maximum input power should be changed at each measurement temperature because the thermal
conductivity changes depend on the temperature.
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6.2.2 Experiment

The measured result of κ of the sapphire sample with bonding is shown in Fig.6.6
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Figure 6.6: Thermal conductivity of the indium bonding sapphire sample. Data points
at 13.5K and 32.2K have large error bar because the input power was small then the
temperature gradient was small.

In Fig.6.6, the thermal conductivity of a bulk sapphire is also plotted [83]. At the
highest thermal conductivity point, ∆T ∼ 30mK was measured in the case of ∆P =
1.3W at 30K. This suggests that even if a very high power like 1W was input, the
temperature difference between the ends of the sample would be only 30mK. Because in
the KAGRA cryogenic sapphire suspension, the area of the indium bonding will be much
larger (∼16 times) and the power which has to be extracted is much lower (∼10%) , the
temperature gradient would be much smaller. Finally, the value of κ/l is shown in Fig.6.7.
(l = 66.0mm)
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Figure 6.7: κ/l in the case of the indium bonded sample. A requirement value at 20K is
also plotted. The measured value has much higher value than the requirement.

The requirement of this κ/l, which is 3000W/m2/K, is also shown in this graph.
According to this result, the indium bonding can be applied without any problems in
terms of the heat extraction.

6.3 HCB

The same measurement and analysis of HCB sample as the indium bonding was per-
formed. In this section, the experimental setup is skipped because it is the same as the
indium bonding.

6.3.1 Experiment

At first, the measurement results of the thermal conductivity of the HCB sapphire sample
are shown in Fig.6.8.
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Figure 6.8: Thermal conductivity of the HCB sapphire sample.

According to this graph, the bonded sample by HCB had almost the same thermal
conductivity as the bulk sapphire. In the temperature below the 30K peak, measured
values are a little lower than the bulk value. At the highest thermal conductivity tem-
perature, when we entered 1.3W power into the small heater on the top of the sample,
measured temperature gradient was 50mK. In the same way as the indium bonding sam-
ple, for the real KAGRA case, the power, which should be extracted, is only 20% of
this power and the area of the bond is ∼ 100 times larger than this sample. Hence, the
temperature difference across the HCB in the KAGRA sapphire suspension should not
exceed the requirement value 0.1K during the main interferometer operation.

In order to check the results more clearly, the graph of κ/l is shown in Fig.6.9.
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Figure 6.9: κ/l of the HCB sapphire sample and the requirement. The measured value
has much higher value than the requirement.

The measured values of κ/l were much higher than the requirement at 20K.
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Chapter 7

Strength test

In this chapter mainly the strength test for the HCB is reported because the strength
of this bonding technique after thermal cycling has not been reported. Also a quick
strength test at room temperature of indium bonding is reported. It should be noted that
because this bonding will not hold anything, a strength requirement is not necessary for
this bonding technique.

7.1 Hydroxide-catalysis bonding -HCB-

For the bond between the mirror and the ear, each bond should hold 12 kg because the
weight of the mass is 22.6 kg. A FEM simulation was performed to estimate the stress on
the bond, suggesting that it was 0.43MPa. In order to be on the safe side, 1MPa is set to
be the strength required value for HCB. Moreover, the cryogenic payload will experience
cooling cycles many times from the installation or maintenances. One thermal cycle takes
about three months including the time spent at room temperature. One or two thermal
cycles for one year is a realistic or a maximum frequency because the observation also
should be performed. If the suspension experiences two thermal cycles per one year and
has a ten-year lifetime, the bonding will experience 20 thermal cycles. The strength tests
after 10 and 20 thermal cycles were performed.
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7.1.1 Samples

30 bonded samples (Fig.7.1) were prepared.

1
0
0
m
m

200mm

50
m
m

m

Figure 7.1: Size of the HCB samples for the strength test.

After curing time (two months), 20 bonded samples started the thermal cycle. We
used a pulse tube cryocooler to cool down the samples to 20K and warmed it up to room
temperature. One cycle takes one day. Moreover, we put some samples on a heated plate
to raise the temperature up to 200 ◦C and kept for 30 min. Table 7.1 summarizes the
number of bonded sapphire pairs of each condition.

Table 7.1: HCB strength sample
Cooling cycle 200 degree experience (30 min) No 200 degree experience

0 3 pairs 7 pairs
10 2 pairs 8 pairs
20 2 pairs 8 pairs

Figure 7.2 shows the temperature change of the HCB sample during the thermal cycle.
It took about one month to finish all the thermal cycling.
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Figure 7.2: Temperature change for every thermal cycle. Normally one cycle took one
day.
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7.1.2 Experiment

Experimental apparatuses are shown in Figs.7.3 and 7.4. For each sample, we immerse it
in liquid He and measured the breaking stress.

Figure 7.3: Strength test system. Lower sap-
phire block was fixed, then a torque was ap-
plied to the upper block.

Figure 7.4: Strength test schematic figure.
The bonded sample was soaked in liquid he-
lium and tested.

A torque meter (DI-9F-IP5 made by CEDAR: SUGISAKI METER CO.) was used
to measure the maximum torque when we twisted the sample. Appendix A shows the
method to estimate the maximum shear strength. A schematic view together with the
parameters in the measurement are shown in Fig.7.5. τmax is the maximum shear stress
at each point on the bonding surface. The corner of the bonding surface was assumed to
have the maximum value.
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Figure 7.5: Parameters for calculating the maximum stress.

The maximum shear stress on the bonding surface τmax can be expressed like the
following. (Appendix A)

τmax =
T∫

(x2 + y2)dxdy

√
a2 + b2 (7.1)

Characters a, b mean the half of the two length of the bonding surface. In the case of our
sample, the bonding surface was a square (5mm× 10mm). Therefore,

τmax [Pa] = 1.1× 107 [m−3]× T [Nm]. (7.2)

The maximum shear strength we could measure was 53MPa because the maximum torque
could be measured by the torque meter was 5Nm. The result is shown in Fig.7.6.
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Figure 7.6: Result of the shear strength test of HCB. Black line is the measurement limit
(53MPa) because of the torque meter. Light blue line is the requirement: 1MPa. Left
graph shows the result of samples which have no experience of 200 ◦C. Right graph is the
result of samples which were kept 200 ◦C for 30 minutes after thermal cycles. All of the
samples have enough strength.

The black dashed line in Fig.7.6 shows this lower limit. Many data points are located
above the measurement limit line, since those samples survived the strength test. For
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them, we were only able to evaluate the lowest strength. The data of the broken samples,
suggest the degradation of HCB caused by the thermal cycling. Nevertheless, even the
weakest sample whose strength was 9.1MPa has a sufficient margin from the requirement
of 1MPa. Moreover, all of the samples which experienced 200 degree heating survived.
Heating may potentially enhance the strength of HCB.

7.2 Indium bonding

Even though there is no strength required value for indium bonding because the indium
bonding will not support any mass, a very easy strength test was performed at room
temperature to complete the measurement.

The size of the bonded sample was the same as the thermal conductivity measurement
sample. The experiment setup is shown in Fig.7.7.

Figure 7.7: Experimental setup for the strength test of indium bonding at room tempera-
ture. Left sapphire sample was fixed on a stage. A mass which has a mass M is suspended
at a point on the right sapphire sample. The distance between bonding point O and the
suspension point is x.

The author and colleagues fixed one side of the bonded sample and put weight on
the other side, then checked the maximum torque on the bond face. If we assume the
maximum stress Pmax on the bonding is homogeneous on the surface, the equation of
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moments around the point O is

Pmaxa
2a

2
= mg

d

2
+Mmaxgx, (7.3)

where m is the mass of one monolithic sapphire sample whose volume is a× a× d, Mmax

is the maximum weight the bond could hold and x is the distance between the bonding
surface and the suspension point of the weight. So we can get an equation:

Pmax =
mgd

a3
+

2g

a3
Mmaxx (7.4)

to estimate the maximum strength of the bond. The maximum weight was 390 g and x
was 35mm. Therefore, the maximum strength is ∼ 2MPa. This result shows that the
indium bonding has a potential to hold the mirror weight in terms of strength.
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Chapter 8

Impact of vibration from cooling
systems

There are several methods to cool down the system. For KAGRA there were two candi-
dates, one is using liquid helium and the other is using a pulse tube cryocooler which is
based on the adiabatic expansion system. Because the cryogen (liquid helium) can not
be used in the tunnel for safety, pulse tube cryocoolers will be used to cool down the
cryogenic suspension. The principle of the pulse tube is the followings. High pressure He
gas expands at the cooling part to absorb heat, then the gas is sent to a compressor in
order to be compressed and cooled by coolant water. This cycle cools the cryocooler head
and produces pulsing vibration around 1Hz depending on the types of the cryocooler.
KAGRA will use four cryocoolers made by the Jecc Torisha Co. Ltd. [85] per cryostat.
This cryocooler has two stages. The 1st stage has 36W of cooling power at 50K. The 2nd
stage has 0.9W at 4K. The vibration estimate in the cryostat based on a vibration mea-
surement, the effect on the KAGRA sensitivity and one of the improvement candidates
are explained in the latter chapter. The contents of this study of the vibration noise from
the cooling system were published in a scientific journal, Class. Quantum Grav. [86].
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8.1 Vibration path from cooling systems

Figure 8.1 shows the cooling system of KAGRA for one cryogenic payload.

Figure 8.1: Cooling system of KAGRA. The cryogenic suspension system is surrounded
by two radiation shields. The heat links are connected between the cryogenic suspension
and the cooling bar which is connected to the cryocooler. The vibration of the cryocoolers
can transfer through the cooling bar and the heat links. To suppress the vibration, the
cooling bar should fixed on the radiation shield mechanically. Therefore, radiation shield
vibration can the noise source.

Each cryogenic payloads will be surrounded by double-stage radiation shield (80K
shield and 8K shield), as shown in Fig.8.1; four cryocoolers will be used to cool one
cryogenic system including a cryogenic suspension and two radiation shields. All of the
1st stages of the four cryocoolers will be connected with the 80K shield which is called
the outer shield. The 2nd stage of two cryocoolers will cool the inner shield or the 8K
shield. The 2nd stage of the other two cryocoolers will be connected with the cryogenic
suspension to cool it. This heat path is very important for cooling the suspension at
low temperatures because the conduct cooling will dominate the cooling power at low
temperatures. Vibrations from outside can also pass through this cooling path. The most
straightforward design of this path to suppress the vibration is fixing the cooling bar
which extends from the 2nd stage of the cryocooler into the inner radiation shield against
a massive body like radiation shield and using heat links made of soft material which
has high thermal conductivity at low temperatures such as pure aluminum or copper to
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connect the suspension and the top of the cooling bar. What should be considered is
that the connection point between the cooling bar and the radiation shield should be
separated thermally in order to separate the cooling system of the cryogenic suspension
and the inner radiation shield to keep the suspension at low temperatures. For this
purpose, low thermal conductivity material can be placed at an intermediate position
between the radiation shield and the cooling path for the suspension. This connection
point has not been decided. In this thesis, the cooling bar is assumed to be rigidly fixed
on the inner radiation shield. Therefore, the cooling system can be a displacement noise
source for KAGRA. In order to learn the influence from the vibration of the cooling
system before all the systems are built, the vibration in the cryostat at low temperatures
was measured in a factory of the Toshiba company which produced the cryostats in the
Yokohama city during the cooling test of the cryostat. Because the seismic motion in this
factory is much larger than that in the Kamioka mine, the vibration in the Kamioka mine
should be estimated from the measured data. The methods and the results are shown in
the following sections.

8.2 Vibration measurement of KAGRA radiation shield

8.2.1 Measurement setup

In order to measure the vibration in the KAGRA cryostat at low temperatures two cryo-
genic accelerometers were used and a room temperature accelerometer which is a com-
mercial one (RION accelerometer LA-50) [87] was used as a reference. The cryogenic
accelerometers were put on the inner radiation shield and put the RION accelerometer
outside the cryostat. Figure 8.2 shows the position of the accelerometers.

Figure 8.2: KAGRA cryostat and positions of the accelerometers. Two developed cryo-
genic accelerometers were fixed on the radiation shield in the cryostat. An commercial
accelerometer is used to measure the vibration outside the cryostat.
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8.2.2 Cryogenic accelerometers

The author and colleagues used two cryogenic accelerometers to measure the vibration at
low temperature. One of them, which measured the vertical component of the vibration
was developed at the University of Rome Sapienza [88], and the other one which measures
the horizontal component was developed at the Institute for Cosmic Ray Research of the
University of Tokyo [89]. The pictures of the accelerometers are shown in Fig.8.3.

Figure 8.3: Accelerometers we used for the vibration measurement. Left one is the ac-
celerometer for the vertical measurement. Right one is for the horizontal component.

The horizontal accelerometer, whose schematic figure is shown in Fig.8.4, is based on
a Michelson interferometer.

Figure 8.4: Schematic view of the horizontal accelerometer and the pendulum on the
accelerometer. This accelerometer is made based on a Michelson interferometer. One of
the mirror is fixed on the shield and the other mirror is on an oscillator, which is controlled
the possession by a coil-magnet actuator. The signals of the interferometer are monitored
by two photo detectors. And the readout circuits and the electronic filter are outside the
cryostat.

100



There is an inverted pendulum (f0 = 10Hz) which has a mirror on a side placed on the
optical plate made of copper. When the copper plate moves, the oscillator is applied by an
inertial force which can be observed by the Michelson interferometer. The interferometer
has two mirrors: one is fixed on the copper plate and the other one is attached on the
oscillator. In order to put the laser source outside the cryostat, a single mode optical fiber
was used to lead the laser light (10mW, 1538 nm) from the source to the accelerometer
in the cryostat. In order to keep the position of the oscillator in the linear range of the
Michelson interferometer, we control the position by a coil magnet actuator using the
signal from the two photo detectors (InGaAs type: Thorlabs FGA21[90]) monitored the
light power at the symmetric and anti-symmetric ports. Below the unity gain frequency
of this control system the provided force on the coil magnet actuator is the same as the
inertial force because of the vibration. The acceleration was calculated from this feedback
signal.

The vertical accelerometer1 has a mass suspended by a spring in it. We monitored the
inertial force applied to this mass using a linear variable differential transformer sensor
and control the position of the mass by a voltage-force transducer. The force we apply
to the mass should be the same as the inertial force on the mass below the unity gain
frequency as the horizontal accelerometer.

8.2.3 Measurement result

At low temperatures we measured the vibration inside the cryostat and outside the cryo-
stat to compare and evaluate the influence of the cryostat on the vibration. To estimate
the influence because of the cryocoolers, we compared the vibration with the coolers on
and off.

Measurement results of the vibration inside and outside the cryostat at 10K are shown
in Figs.8.5 and 8.6.

1This accelerometer is developed by collaborators in the Rome university.
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Figure 8.5: Horizontal vibration
inside and outside the cryostat
(T=10K). The vibration in the
cryostat is higher than that outside
the cryostat at high frequency.
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Figure 8.6: Vertical vibration inside
and outside the cryostat (T=10K).
The vibration on the radiation
shield is higher than the vibration
outside the cryostat.

In the low frequency range (up to ∼ 10Hz) the vibration inside the cryostat and
outside the cryostat coincide each other. In the high frequency band the differences
between inside and outside become significant. In the case of horizontal component, the
vibration inside the cryostat is larger than outside the cryostat in the frequency range
between 7Hz and 80Hz. As for the vertical component, the vibration inside is larger than
that outside the cryostat above 40Hz. But there are also some differences around 10Hz.
This difference between inside and outside starting around 10Hz is reasonable because
of the cryostat structure. According to a FEM simulation2 of the cryostat including
the vacuum chamber and the radiation shields, there are many resonance modes of the
cryostat from this frequency. In the Kamioka mine, we assume this ratio between the
outside and inside is the same as these measurements.

Figures 8.7 and 8.8 are the vibration of the inner shield during cryocoolers operating
and without operation.

2This work was done by a collaborator of KEK.
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Figure 8.7: (a)Vibration of the inner shield at 10K with the cryocoolers switched ON
and turned OFF for the horizontal component. (b)Zoom view between 30-50Hz. Peaks
appear when the cryocooler were turned ON.
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Figure 8.8: (a)Vibration of the inner shield at 10K with the cryocoolers switched ON and
turned OFF for the vertical component. (b)Zoom view between 30-50Hz. Peaks appear
when the cryocooler were turned ON.

There are not significant changes due to the cryocoolers in the view of the wide fre-
quency range for both horizontal and vertical components. But if we look at the spectrum
carefully, there are many peaks due to the cryocoolers operation. We suppose these peaks
will appear in Kamioka mine with the same amplitude as in these measurements. In
order to estimate the peaks, we set a threshold value for the ratio of the vibration with
cryocoolers ON to the vibration with cryocoolers OFF. The threshold values were 1.7 for
the vertical component and 2.1 for the horizontal component. These values were 2σ of
the deviations of the ratio.
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8.3 Estimation of radiation shield vibration in Kamioka

mine

In order to estimate the radiation shield vibration in Kamioka mine, we analyzed our
data as the following. We calculated the ratio between the vibration inside and outside
the cryostat and multiply a vibration in the Kamioka mine. We used the same data set
for the horizontal and vertical vibration in the Kamioka mine because their difference
is negligible. Then we added the peaks because of the cryocoolers on the calculated
vibration. Figure 8.9 shows the estimated vibration of the inner shield in the Kamioka
mine.
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Figure 8.9: Estimated vibration of the inner shield in Kamioka mine. (a) Horizontal
component, (b) Vertical component. Blue lines show the ground vibration in Kamioka
mine, black lines are the inner shield vibration without coolers operation and red lines
indicates the vibration of the inner shield during the coolers operation.

As the figure shows, many peaks will appear when we turn ON the cryocoolers. In
the next section the impact of this inner shield vibration on the KAGRA sensitivity is
described.

8.4 Estimated effect on the KAGRA sensitivity

In this section, we assumed the most realistic cryogenic suspension system and estimated
the displacement noise on the main mirror due to the inner shield vibration through the
cooling path such as heat links and cryogenic suspension. The suspension model we used
is shown in Fig.8.10.
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Figure 8.10: Cryogenic suspension system model we used for the vibration calculation.
In this figure, where N,L and d mean the number, length and diameter of the cables or
fibers. The dark blue parts are made of sapphire: sapphire suspension system. CB is
the fixing point of the cooling bar. We assume this point has the same vibration as the
vibration of the radiation shield we estimated.

In this figure TM, IM, PF, IR and RM are the test mass or main mirror, intermediate
mass, platform, recoil mass for the intermediate mass and recoil mass for the main mirror.
Simulation tool we used is a Mathematica code named SUMCON introduced in [46]. From
the displacement noise we calculate the strain noise of KAGRA as shown in Figures 8.11.
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Figure 8.11: Estimated noise from the cooling system including the vibration of cryocool-
ers. (a) Horizontal vibration origin, (b) vertical vibration origin. In the case of vertical
components, noise from the vibration is over the KAGRA design sensitivity at important
frequency range ∼10Hz.
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The result shows that there will be noises over the KAGRA design sensitivity in the
region of several ten Hz due to the vertical vibration of the inner shield. In this frequency
region, there are important frequencies of known pulsar souses like Vela (22.4Hz). There-
fore an additional system of the vibration reduction for the cooling system is necessary.
In the next chapter, as a candidate, an additional vibration attenuator system which can
suppress the impact from the inner shield vibration is presented.
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Chapter 9

Discussion

In this chapter, the study of the sapphire suspension and the vibration noise from the
cooling system are summarized and discussed.

9.1 Sapphire suspension

9.1.1 Thermal noise

In the above chapter, the measurements of the mechanical loss of the fibers, indium
bonding and HCB were reported. All of them have lower mechanical losses than the
requirements. In the case of sapphire fiber, type B fiber has mechanical loss of 1.1× 10−7

which is better than the requirement of 2× 10−7 by a factor of 2 at 16K. The measured
mechanical loss of indium bonding was 3.1× 10−3 at 20K, which is also better than the
required value of 1.5 × 10−2 by a factor of 5. Finally the mechanical loss of HCB was
1.0 at 20K which is the same as the requirement. Now these measured data can be
used to estimate the total suspension thermal noise of the sapphire suspension system.
For the other part of the sapphire suspension, the mechanical loss of a sapphire bulk
ϕBulk = 4.0 × 10−9, which was measured by T. Uchiyama et al. [84] was assumed. The
calculated result is shown in Fig.9.1. In this graph the thermal noise from the coating
is also included [44]. The thickness of HCB is 60 nm and that of the indium bonding is
1µm in this calculation.
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Figure 9.1: Thermal noise of KAGRA cryogenic sapphire suspension system calculated
from the measured mechanical loss values. Mirror coating thermal noise is also plotted
on the graph. The sum of the suspension thermal noise and the coating thermal noise is
shown as a red line, which is lower than the KAGRA design sensitivity: green line.

According to this calculation, in the frequency region below 60Hz, the thermal noise
from the sapphire fibers are dominant. Above this frequency, the coating thermal noise
and the noise from HCB will dominate the thermal noise. In all the frequency band the
thermal noise does not exceed the target sensitivity of KAGRA. In order to improve the
thermal noise of HCB around 100Hz, the heads of the fibers can be smaller as described
in the section 4.3.2.

9.1.2 Heat extraction

During the operation of the KAGRA main interferometer, about 500mW heat should be
extracted by the sapphire suspension system from the mirror. Even if almost all the parts
of the sapphire suspension system are made of sapphire whose thermal conductivity is
very high at low temperatures, a thin part of the fibers and non-sapphire part of the bonds
can have a significant resistance in terms of the heat transfer. The thermal conductivity
of the fibers was measured, and we showed that two kinds of fiber satisfied the required
value. According to our heat extraction test of the fibers, the mirror would be 20K
during the operation when the mirror absorption is 30 ppm cm−1 and the absorption of
the coating is 0.5 ppm. This also suggests that the absorption of the mirror and the coating
should not higher than the values. Also the measured thermal conductivity of the bonded
sapphire samples using the indium bonding and HCB is much higher than the required
values. The heat transfer coefficient κ/l of the measured indium bonded sample was
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∼ 1.6 × 105 W/m2/K at 20K, which is higher than the required value of 3000W/m2/K.
In the case of HCB sample, the measured value at 20K was ∼ 1.6× 105 W/m2/K, which
is also higher than the required value of 1000W/m2/K. Therefore, the bonds will not
make a large temperature difference in the sapphire suspension.

9.1.3 Strength

To hold the mirror, the breaking stress of the each part should be high enough, especially
of weak parts or unknown parts of the fiber and HCB.

The fiber strength test was performed by the Glasgow and Roma collaborators. The
weight with which a fiber (30 cm in length) will be loaded in the KAGRA suspension
will be ∼6 kg. The shaking test of 10 cm fibers with the load of 15 kg and the amplitude
of 5-7mm was performed, then all of the fibers survived. This suggests that the 30 cm
fibers will survive even if the fiber is shaken with the load of 15 kg and the amplitude of
∼15mm. (The stress by the shaking in the fiber is assumed to be inverse proportional
to the fiber length.) The static braking test for the three kinds of fiber were performed,
then all of them were shown to have sufficient strength for KAGRA. The breaking weight
was 56kg (type A fiber) and 35kg (type B fiber). In the case of the type C, the fiber was
not broken by the apparatus whose maximum weight was 90 kg.

For the strength of HCB, strength tests at cryogenic temperature after 10 or 20 thermal
cycles were performed because the KAGRA sapphire suspension will also experience such
thermal cycles. The measured strength were much higher than the required value of
1MPa.

As above, the KAGRA mirror, which has 22.6 kg, can be suspended by our suspension
system.

9.2 Vibration from cooling systems

In order to estimate the vibration from the cooling systems, radiation shield vibration
measurements were performed during the cooling test of the cryostat in a factory. Vibra-
tion noise of the mirror from the radiation shield was estimated based on the measurement
result. In the result this noise is over the design sensitivity of KAGRA. A method to re-
duce this noise is shown in this section.

9.2.1 Additional vibration attenuator system for the inner shield
vibration

In order to suppress the vibration from the cooling system, we proposed an additional
vibration attenuator system. This kind of attenuation system has already been proposed
for Einstein Telescope [91]. A schematic view of the system is shown in Fig.9.2.
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Figure 9.2: Cryogenic suspension system with an additional vibration attenuator system.
The additional suspension is assumed to be attached on the radiation shield. This pendu-
lum has a vertical spring to suppress the vertical vibration. Number of heat links are twice
times larger than that without this vibration attenuator. Thus, the thermal resistance of
total heat links is the same.

The cryogenic suspension system is the same as the previous model, but a pendulum is
added. The space for this additional pendulum in the cryostat has already been checked
by the CAD file of the cryostat, then there is enough space. Number of heat links are twice
times larger than that without this vibration attenuator. Thus, the thermal resistance
of total heat links is the same. This additional pendulum is suspended from the top of
the inner radiation shield and have a 0.5Hz vertical attenuation, which can be made by
a Geometric Anti-Spring Filter (GASF) and a 900mm length pendulums. Because we
assumed the same vibration everywhere in the inner shield, we input the same vibration
into the suspension point of the additional pendulum (RS) and the heat links fixing point
(CB).

If we use this additional suspension, we can suppress the vibration as shown in Fig.9.3.
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Figure 9.3: Displacement noise from the radiation shield vibration with an additional
suspension. The suspension model for this calculation is shown in Fig.9.2. There are two
points the vibration can enter from to the suspension. One of them is the contact point
of the heat links (CB). The other one is the suspension point of the additional suspension
(RS). (a) Horizontal component. (b) Vertical component.

This figure shows the calculated noise from the radiation shield vibration assuming the
suspension model shown in Fig.9.2. The red lines in the figures are the design sensitivity
of KAGRA, the orange lines is the displacement noise from the vibration at the fixing
point of the additional pendulum and the green lines mean the noise from the connection
point between heat links and the radiation shield. In almost all the frequency range the
noise can be suppressed below the design sensitivity of KAGRA.
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9.3 KAGRA sensitivity

In this section estimated KAGRA sensitivity which contains the thermal suspension noise
and the vibration noise from the cryostat is shown.
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Figure 9.4: Estimated KAGRA sensitivity. Seismic noise, quantum noise, cooling system
vibration noise, suspension thermal noise and mirror coating thermal noise are included.
Almost all of the region of the frequency band will be limited by the seismic noise and
the quantum noise.

Figure9.4 shows the estimated sensitivity of KAGRA. Seismic noise through the large
suspension system will limit the low frequency range, and the quantum noise will mainly
limit the higher frequency range. Seismic noise and quantum noise are the latest version
which are openly available on the web [75]. Noises described in this thesis are lower than
the quantum noise in the best frequency band of KAGRA: the influence of the suspension
thermal noise and vibration of the cryostat on the sensitivity is enough small.

9.4 Future work

All of the worrisome or unknown components of the sapphire suspension system were
studied and found to satisfy the requirements at last, which are reported in this thesis.
Based on the results reported in this thesis, the decision to move to the next step was
taken: building a complex system. First, a study of the system so called “one fiber
prototype” will be proceeded, which consists of a sapphire mass, which is a quarter of the
KAGRA mirror, an ear attached on the mass by HCB, a 10 cm sapphire fiber and a blade.
Indium bonding will also be used in this prototype between the ear and the fiber, the fiber
and the blade. Mechanical measurements of the blade such as the bending distance by the
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load and the resonance frequency changes depending on the temperature can be fruitful
measurements. Bonding and detachment process of the indium bonding for the complex
system can be improved by this one fiber prototype. Mechanical loss measurement and
heat load measurement at low temperatures can also performed.

Next a real size sapphire suspension using a dummy mirror will be constructed. Cool-
ing test, mechanical loss measurement and heat load test at low temperatures can be
performed for this suspension.

At last the the same fabrication process will be applied on the real KAGRA mirror.
The first step has already started: building the one fiber prototype. Pictures of the

suspended one type prototype are shown in Fig.9.5.

Figure 9.5: One fiber prototype. An ear is attached on a sapphire mass by HCB. The
mass is suspended by a 10 cm sapphire fiber, which is hung from a sapphire blade. Cooling
test, heat extraction test and mechanical loss measurement are planed.

The strength of the fiber, HCB and blade are sufficient at least under static loading.
Vibration measurement of the cryostat in the Kamioka mine will be performed after

the install of the KAGRA cryostats. Same measurements as the measurement reported in
this thesis can be performed. The install of the cryostats is on going now in the Kamioka
mine.
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Chapter 10

Conclusion

The 3 km length laser interferometer gravitational wave telescope KAGRA will cool the
main mirrors in order to suppress the thermal noise. This is the first challenge for the
km-scale telescopes in the world. The mirror will be suspended to be a “free” mass
for the gravitational wave and suppress the seismic vibration influence. The mirror will
be suspended by four sapphire fibers in the system. The cryogenic suspension system,
including the mirror will be connected with the cryocoolers via metal heat links. The
thermal noise of this sapphire suspension system and the vibration noise of the cooling
system was described in this thesis.

Sapphire fibers with heads and two kinds of bonding (indium bonding and Hydroxide
Catalysis Bonding:HCB) are necessary for the sapphire suspension system. To design the
sapphire suspension system and estimate the suspension thermal noise, mechanical loss
measurements for sapphire fibers, indium bonding and HCB at low temperatures were per-
formed. As a result, a kind of fiber, which was manufactured by Heat Exchanger Method
and thermal-polished was shown to have a lower mechanical loss than the requirement.
Also, the bonding satisfied the requirement for the mechanical loss. The heat extraction
test for the fibers and bonded samples via HCB and indium were performed. Fibers had
high thermal conductivity and we concluded that the bonds will not have significant ther-
mal resistance in the sapphire suspension. All of the worrisome or unknown components
of the sapphire suspension system were studied and found to satisfy the requirements,
which are reported in this thesis. In other words, according to these measurements in
this thesis, the design of the sapphire suspension system including the connections by the
bonding techniques is fixed.

Vibration measurement of the KAGRA cryostat was performed in the factory. The
displacement noise from the cooling systems was estimated to impair the KAGRA sensi-
tivity slightly in the limited band at low frequencies. However, the investigation in this
thesis revealed that adding an attenuation system could solve the problem.

Therefore, we are now quite confident that we can construct a cryogenic sapphire
suspension using these components and techniques and also the vibration due to the
cooling systems will not make a significant noise.

In order to create new astronomy via gravitational waves, extremely sensitive interfer-
ometer gravitational wave telescopes such as Advanced LIGO, Advanced VIRGO, GEO
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and KAGRA are under upgrading or being built currently. KAGRA will be the first
km-scale cryogenic telescope using the cryogenic mirror suspension systems, which will
be necessary for the future ground based telescopes including the Einstein Telescope.
Cryogenic type interferometers have the possibility to achieve much higher sensitivity,
which can observe more gravitational wave events and discover new physics and astron-
omy. Therefore, the study in this thesis about the cryogenic suspension is a significant
milestone for the future gravitational wave telescopes and also for a new gravitational
wave astronomy.
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Appendix A

Shear strength calculation

The relationship between applied torque and shear strength in the HCB strength test is
shown in this appendix [92]. When the maximum torque T is applied on the sapphire
sample, a constant torsion α is assumed in the sample. Displacement ux, uy, uz can be
written as below.

ux = −αzy (A.1)

uy = αzx (A.2)

uz = 0 (A.3)

The thickness of HCB is assumed to be enough thiner than the sapphire. Because the
relationship between displacement u and strain ϵ is

ϵij =
1

2

(
∂ui

∂xj

+
∂uj

∂xi

)
, (A.4)

strain ϵ can be written as below.

ϵyz =
1

2
αx (A.5)

ϵzx = −1

2
αy (A.6)

ϵxx = ϵyy = ϵzz = ϵxy = 0 (A.7)

Stress σ and strain ϵ have relationships in a xy plane.

σxx =
Y

1− ν2
(ϵxx + νϵyy) = 0 (A.8)

σyy =
Y

1− ν2
(ϵyy + νϵxx) = 0 (A.9)

σxy =
Y

1 + ν
ϵxy (A.10)

σyz =
Y

1 + ν
ϵyz (A.11)
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Y is Young’s modulus and ν is Poisson’s ratio. Modulus of rigidity G is described as
following using Y, ν.

G =
Y

2(1 + ν)
(A.12)

Stress σ on the bonding surface can be described as the following.

σyz = Gαx (A.13)

σzx = −Gαy (A.14)

σxx = σyy = σzz = σxy = 0 (A.15)

Summation of these moments equals to the applied torque T .

T =

∫ ∫
(xσyz − yσxz)dxdy (A.16)

= Gα

∫ ∫
(x2 + y2)dxdy (A.17)

The maximum shear stress τmax, which is assumed the stress at the corner can be written
as below.

τmax =
√
σ2
yz + σ2

xz (A.18)

= Gα
√
a2 + b2 (A.19)

=
T∫ ∫

(x2 + y2)dxdy

√
a2 + b2 (A.20)
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