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Strategy

 Parametrized post-Einsteinian Framework  
 Approximate Bayesian analysis 
 Detectable regions of ppE corrections to GR

Summary

We demonstrate that adv. GW detectors, 
including KAGRA, have tremendous potential 
for new bounds on deviations from GR.



・GR passes all tests with flying colors so far.
・Motivations for modified gravity theories

3

Why considering Alternative Theories of Gravity?

・Black Hole singularity　← Unphysical! 
・Unification with other forces or Quantization of gravity 
・Alternative to Dark Energy and/or Dark Matter 
・Useful to contrast their predictions with GR 
      → evaluate the correctness of GR

Tests of Alternative Theories of Gravity
Gilles Esposito-Farèse
GRεCO, Institut d’Astrophysique de Paris, UMR 7095-CNRS,
Université Pierre & Marie Curie, 98bis boulevard Arago, F-75014 Paris, France

These lecture notes complement the transparencies of the corresponding talk, available on the SLAC website at

<http://www-conf.slac.stanford.edu/ssi/2005/lec_notes/Esposito-Farese/>. After recalling the various reasons

why it is important to consider alternatives to general relativity (GR), we compare the probing power of the different

classes of experimental tests. Einstein’s theory is based on two independent assumptions, one of them being that matter

is minimally coupled to a unique metric tensor gµν , which implies the equivalence principle. Extra-dimensional theories

generically predict deviations from this principle, and this is notably the case for superstring theory. We underline that

free-fall experiments are the most constraining tests within such a string-inspired framework. The second assumption

of GR, namely that gravity propagates as a spin-2 field, may be tested with different viewpoints. We first summarize

the phenomenological “parametrized post-Newtonian” (PPN) formalism, then mention some tests of finite-range

gravitational interactions, and finally describe a field-theoretical approach in which “scalar-tensor” theories of gravity

play a privileged role. Our central conclusion is that there exists a qualitative difference between three classes of

experimental tests: solar-system ones, binary-pulsar ones, and cosmological observations. In other words, they do not

probe the same features of the theories. We finally discuss briefly the future detection of gravitational waves with

laser interferometers, mention some puzzling observational issues, and comment on proposed theoretical modifications

of gravity at large distances.

1. INTRODUCTION

As advertised in many publications, general relativity (GR) passes all present experimental tests with flying colors.
There are however several reasons why it remains very important to consider alternative theories of gravity. The
first one is that theoretical attempts at quantizing gravity or unifying it with other interactions generically predict
deviations from Einstein’s theory, because gravitation is no longer mediated by a pure spin-2 field but also by
partners to the graviton (see Sec. 2.3 below). The second reason is that it is anyway extremely instructive to contrast
GR’s predictions with those of alternative models, even if there were no serious theoretical motivation for them.
Indeed, such a comparison allows us to understand better which features of the theory are actually tested in a given
experiment, and thereby to extract more definite information from experimental data. Moreover, this comparison
can also suggest new tests able to discriminate between the various allowed models (see notably Secs. 3.1 and 3.3).
The third reason is the existence of several puzzling experimental issues, which do not contradict GR in a direct
way, but may nevertheless suggest that gravity does not behave at large distances exactly as Newton and Einstein
predicted. Cosmological observations notably tell us that about 96% of the total energy density of the universe is
composed of unknown, non-baryonic, fluids (72% of “dark energy” and 24% of “dark matter”), and the acceleration
of the two Pioneer spacecrafts towards the Sun happens to be larger than what is expected from the 1/r2 law (see
Sec. 4).

The present lecture notes will not attempt at cataloguing all alternative theories of gravity which have been pro-
posed in the literature, not only because there are too many of them, but also because most of them are either
mathematically ill-defined or physically unstable. In such a case, it is a priori not even worth testing them exper-
imentally, since the behavior of their field equations suffices to rule them out. However, some of them may still
be interesting from a phenomenological viewpoint, as contrasting alternatives to GR. We refer to Refs. [1–3], in
which many classes of models have been carefully analyzed. We will focus below on the most natural and consistent
alternatives to Einstein’s theory.

General relativity is based on two independent assumptions, that textbooks sometimes present simultaneously, but
which imply different kinds of physical phenomena. The simplest way to describe them is to write the action of the
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Classifying tests defined by Yunes & Siemens LRR 2013
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Top-down approach

One starts from a particular model, and  
then predicts certain observables that  
might or might not agree with experiment.

[Narikawa, et al. PRD 2015 is categorized in this.]

Direct Tests

Brans-Dicke, Bigravity, Massive graviton,...

Bottom-up approach Model-independent Tests

One considers Einstein's theory as a null hypothesis 
and searches for generic deviations.
[This work is categorized in this.]
Both approaches are complementary.
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Figure 2: Tests of general relativity placed on an appropriate parameter space. The long-dashed line
represents the event horizon of Schwarzschild black holes.

Living Reviews in Relativity
http://www.livingreviews.org/lrr-2008-9









GWs from CBC can be powerful probe of the strong-field, 
dynamical regime of gravity.

[Psaltis, LRR, 2008]Why GR-by-GW Tests?
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Our Strategy
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The simplest ppE models

A simple decision scheme based on Bayesian statistics

Here, we focus on a 1.4Msun BNS system, @200Mpc; aLIGO ZDHP 
the restricted inspiral, ignore spin for simplicity.

Detectable regions of ppE corrections to GR

After usual CBC search with GR template, we perform parameter 
estimation and model selection against candidate events.

→ Suggestion of interesting models with detectable prediction



A generic parametrization which characterizes  
the departures from GR through free parameters (a,α,b,β).
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where the inspiral reduced frequency u=(πMcf)1/3

 Parametrized post-Einsteinian Framework [Yunes & Pretorius, PRD 2009]

Restricted Inspiral Waveform in GR
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tions the deviations from GR waveform are detectable us-
ing an advanced generation detectors. KAGRA will give
stronger constraints on deviation from GR than those of
Solar System Experiments and Binary Pulsar Observa-
tions.

implications for GW data analysis Our results will
be useful priors for the parameters searched over when
one implements the ppE framework in a data analysis
pipeline against detected GW events in the near future.

comments on the relation between these non-GR mod-
els and specific models Brans-Dicke, Massive Graviton,
Chern-Simons.

In almost all of these specific models, both ppE param-
eters α and β depend on the mass ratio of the system.
But we ignore mass-dependency of ppE parameters. Our
results are corresponding to conservative bound. If we
estimate the detectability for a specify model, detectable
regions increase. It is difficult to determine these depen-
dencies with a single detection.

physical meaning of ppE parameters

future work In this paper, we fixed the distance to the
source when we calculated the FF. In the real data anal-
ysis, it is possible to determine the distance as well as
the direction to the source and the inclination angle by
using a network of GW detectors. Even in that case, it
would be very helpful if electromagnetic follow-up obser-
vations could determine the distance by identifying the
host galaxy. Also, we have not included the spins of the
stars in the binaries. If the spin precession effect ex-
ists, there will be an amplitude modulation due to the

spin precession effect. Such modulation will be mixed
with the modification caused by the ppE effects, and the
waveform will become more complicated. In such a case,
the results in this paper may be changed. Since the spin
may not be neglected for black holes, it is important to
investigate the effects of spin. We plan to investigate it
in the future.

ppE for ringdown phase
extended ppE
We will parametrize gravitational waveforms with

physical parameters.
extended ppE: toward more realistic parametrization,

in many modified gravity models, corresponding ppE pa-
rameters, such as α and β, depend on binary masses.
Therefore, ppE parameters depending on binary masses.

If we consider future detectors such as Einstein Tele-
scope [43], eLISA/NGO [44], or DECIGO/BBO [45–47],
it will be possible to constrain another region because it
will be possible to detect GWs from coalescing binaries at
much larger distance, and at a different frequency region.
We also plan to investigate such cases in the future.

h̃GR(f) = AGRe
iΨGR(f)
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Detectability of the parameterized post-Einsteinian corrections to general-relativistic
waveforms using gravitational wave observations
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The ppE !!!

I. INTRODUCTION

The second-generation laser interferometers such as
Advanced LIGO [1], Advanced Virgo [2], and KAGRA [3,
4], will be in full operation within a few years. These
detectors are sensitive to gravitational waves (GWs) in
the frequency band between 10 and ∼ 1000 Hz. The in-
spiral of a coalescing compact binary (CCB) system is
one of the most promising sources for these detectors.
These detectors will be able to see CCB systems, com-
posed of neutron stars and/or stellar-mass black holes
(BHs), within 200− 1000 Mpc. GW observations of the
inspiral signals from CCB systems can be a powerful tool
to probe strong-field, dynamical aspects of gravity the-
ories [5]. One of the science targets of these projects is
to test the correctness of general relativity (GR) through
comparison of observed gravitational waveforms with the
prediction.
The ppE !!!
To evaluate the parameter estimation accuracy, the

Fisher matrix has often been used [11, 12]. Many
works [13? ? , 14] have been done to study the pos-
sibility to test the modified propagation of GWs due to
the graviton mass by using the Fisher matrix. Bayesian
hypothesis testing is also useful for model selection in the
GW data analysis [15]. Recently, Vallisneri [16] has in-
troduced a simple method to test modified gravity within
the framework of the Bayesian hypothesis testing. In this
method, one can compute the odds ratio from the fit-
ting factor between the general relativistic and modified
gravity’s waveforms. More recently, Del Pozzo et al. [17]
have compared the prediction from Vallisneri’s approxi-
mate formula against an exact numerical calculation of
the Bayes factor. They found that the approximate for-
mula recovers the numerical result with good accuracy.
In this paper, we explore the detectability of the devi-

ation from GR waveforms with the ppE formalism. We
consider nonspinning binary systems consisting of binary
neutron stars (BNS) with 1.4−1.4M⊙, as well as neutron
star−black hole binaries (NSBH) with 1.4 − 10M⊙ and
binary black holes (BBH) with 10 − 10M⊙. We assume
the noise power spectrum density of advanced LIGO that
is called Zero Det, High Power [18]. We take the lowest
frequency to be flow =20Hz.

∗ Email: narikawat@gwv.hep.osaka-cu.ac.jp
† Email: tagoshi@sci.osaka-cu.ac.jp

The remainder of this paper is organized as follows. In
Sec ??, we discuss the detectability of the deviation from
GR waveforms with the ppE formalism. Section ?? is
devoted to summary and conclusions.

II. THE PPE FORMALISM

In this section, we briefly review the ppE formalism.
Here we discuss only the inspiral phase of gravitational

waves from CCB systems. By using the stationary phase
approximation, the observed signal in the frequency do-
main is given as 1

h̃(f) = A(f)eiΦ(f) (1 + αppEu
appE) exp[iβppEu

bppE ] ,(1)

where the GR component hGR(f) = A(f)eiΦ(f) corrected
by ppE amplitude and phase functions with parameters
(αppE, appE,βppE, bppE). Here the amplitude A(f) (up
to Newtonian order) and the phase function Φ(f) (up to
3.5PN order) are given as

A(f) =

√
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(3)

(4)

1 For simplicity, we assume a signal from a face-on binary system
at the zenith.
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The ppE !!!

I. INTRODUCTION

The second-generation laser interferometers such as
Advanced LIGO [1], Advanced Virgo [2], and KAGRA [3,
4], will be in full operation within a few years. These
detectors are sensitive to gravitational waves (GWs) in
the frequency band between 10 and ∼ 1000 Hz. The in-
spiral of a coalescing compact binary (CCB) system is
one of the most promising sources for these detectors.
These detectors will be able to see CCB systems, com-
posed of neutron stars and/or stellar-mass black holes
(BHs), within 200− 1000 Mpc. GW observations of the
inspiral signals from CCB systems can be a powerful tool
to probe strong-field, dynamical aspects of gravity the-
ories [5]. One of the science targets of these projects is
to test the correctness of general relativity (GR) through
comparison of observed gravitational waveforms with the
prediction.
The ppE !!!
To evaluate the parameter estimation accuracy, the

Fisher matrix has often been used [11, 12]. Many
works [13? ? , 14] have been done to study the pos-
sibility to test the modified propagation of GWs due to
the graviton mass by using the Fisher matrix. Bayesian
hypothesis testing is also useful for model selection in the
GW data analysis [15]. Recently, Vallisneri [16] has in-
troduced a simple method to test modified gravity within
the framework of the Bayesian hypothesis testing. In this
method, one can compute the odds ratio from the fit-
ting factor between the general relativistic and modified
gravity’s waveforms. More recently, Del Pozzo et al. [17]
have compared the prediction from Vallisneri’s approxi-
mate formula against an exact numerical calculation of
the Bayes factor. They found that the approximate for-
mula recovers the numerical result with good accuracy.
In this paper, we explore the detectability of the devi-

ation from GR waveforms with the ppE formalism. We
consider nonspinning binary systems consisting of binary
neutron stars (BNS) with 1.4−1.4M⊙, as well as neutron
star−black hole binaries (NSBH) with 1.4 − 10M⊙ and
binary black holes (BBH) with 10 − 10M⊙. We assume
the noise power spectrum density of advanced LIGO that
is called Zero Det, High Power [18]. We take the lowest
frequency to be flow =20Hz.
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The remainder of this paper is organized as follows. In
Sec ??, we discuss the detectability of the deviation from
GR waveforms with the ppE formalism. Section ?? is
devoted to summary and conclusions.

II. THE PPE FORMALISM

In this section, we briefly review the ppE formalism.
Here we discuss only the inspiral phase of gravitational

waves from CCB systems. By using the stationary phase
approximation, the observed signal in the frequency do-
main is given as 1

h̃(f) = A(f)eiΦ(f) (1 + αppEu
appE) exp[iβppEu

bppE ] ,(1)

where the GR component hGR(f) = A(f)eiΦ(f) corrected
by ppE amplitude and phase functions with parameters
(αppE, appE,βppE, bppE). Here the amplitude A(f) (up
to Newtonian order) and the phase function Φ(f) (up to
3.5PN order) are given as

A(f) =

√
5π
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12
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+

378 515

1512
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}
,

(3)

(4)

1 For simplicity, we assume a signal from a face-on binary system
at the zenith.

[Yunes & Siemens, LRR 2013]

u=(πMcf)1/3
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5.3.4.2 The simplest ppE model

One of the main disadvantages of the post-Newtonian template family in Eq. (204) is that it is not
rooted on a theoretical understanding of modified gravity theories. To alleviate this problem, Yunes
and Pretorius [467] re-considered the quasi-circular inspiral of compact objects. They proposed
a more general ppE template family through generic deformations of the ` = 2 harmonic of the
response function in Fourier space :

h̃
(`=2)

ppE,insp,1

= h̃GR (1 + ↵
ppE

uappE) ei�ppEu

bppE
, (205)

where now (↵
ppE

, a
ppE

,�
ppE

, b
ppE

) are all free parameters to be fitted by the data, in addition
to the usual system parameters. This waveform family reproduces all predictions from known
modified gravity theories: when (↵

ppE

,�
ppE

) = (0, 0), the waveform reduces exactly to GR, while
for other parameters one reproduces the modified gravity predictions of Table 3.

Table 3: Parameters that define the deformation of the response function in a variety of modified gravity
theories. The notation · means that a value for this parameter is irrelevant, as its amplitude is zero.

Theory ↵
ppE
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ppE
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ppE
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ppE
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D�LV

�

2��LV
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(1+z)
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�3�
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� 3

G(t) Theory � 5
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ĠM
c

�8 � 25

65536

Ġ
c

M
c

�13

Extra Dimensions · · � 75

2554344

dM

dt
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Non-Dynamical
Chern–Simons
Gravity

↵
PV

3 �
PV

6

Dynamical Chern–
Simons Gravity

0 · �
dCS

�1

In Table 3, recall that S is the di↵erence in the square of the sensitivities and !
BD

is the Brans–
Dicke coupling parameter (see Section 5.2.1; we have here neglected the scalar mode), ⇣

3

is the
coupling parameter in Einstein-Dilaton-Gauss–Bonnet theory (see Section 5.2.2), where we have
here included both the dissipative and the conservative corrections, D is a certain distance measure
and �

g

is the Compton wavelength of the graviton (see Section 5.3.1), �
LV

is a distance scale at
which Lorentz-violation becomes important and �

LV

is the graviton momentum exponent in the
deformation of the dispersion relation (see Section 5.3.1), Ġ

c

is the value of the time derivative of
Newton’s constant at coalescence and dM/dt is the mass loss due to enhanced Hawking radiation
in extra-dimensional scenarios (see Section 5.3.2), �

dCS

is given in Eq. (157) and (↵
PV

,�
PV

) are
given in Eqs. (198) and (199) of Section 5.3.3.

Although there are only a few modified gravity theories where the leading-order post-Newtonian
correction to the Fourier transform of the response function can be parameterized by post-Newtonian
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and may cover unknown models.



[Vallisneri, PRD 2012]

SNRreq：the value of the signal SNR required to detect a 
given  deviation from GR waveform.

log10(SNRreq)

SNRreq∝(1-FF)-1/2

OMG,GR>Othr for a FAP → MG detection!!

FF SNRreq

0.9 8.699
0.95 12.3
0.99 27.5

Efficiency E=50% 
FAP F=10-4

9

MG

E = 1� (erf(�SNRres + erfc�1(F ))� erf(�SNRres � erfc�1(F )))/2

A simple Bayesian decision scheme Vallisneri's analysis
using the odds ratio as a detection statistic, 
with approximation O∝SNR2(1-FF), 
setting Othr by requiring a given FAP:
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Model 1. phase-modified model: α=0, {b, β} 

Model 2. amplitude-modified model: β=0, {a, α} 

Model 3. 1PN & 1.5PN phase: α=0, {β-3, β-2} 

Model 4. 1PN phase & amplitude: {β-3, α1} 

hmodel1=hGR exp[iβub]

hmodel2=hGR(1+αua)

hmodel3=hGR exp[i(β-3u-3+β-2u-2)]

hmodel4=hGR(1+α1u1)exp[iβ-3u-3]

SNRppE=SNRGR

SNRppE≠SNRGR

The simplest ppE models
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The second-generation laser interferometers such as
Advanced LIGO [1], Advanced Virgo [2], and KAGRA [3,
4], will be in full operation within a few years. These
detectors are sensitive to gravitational waves (GWs) in
the frequency band between 10 and ∼ 1000 Hz. The in-
spiral of a coalescing compact binary (CCB) system is
one of the most promising sources for these detectors.
These detectors will be able to see CCB systems, com-
posed of neutron stars and/or stellar-mass black holes
(BHs), within 200− 1000 Mpc. GW observations of the
inspiral signals from CCB systems can be a powerful tool
to probe strong-field, dynamical aspects of gravity the-
ories [5]. One of the science targets of these projects is
to test the correctness of general relativity (GR) through
comparison of observed gravitational waveforms with the
prediction.
The ppE !!!
To evaluate the parameter estimation accuracy, the

Fisher matrix has often been used [11, 12]. Many
works [13? ? , 14] have been done to study the pos-
sibility to test the modified propagation of GWs due to
the graviton mass by using the Fisher matrix. Bayesian
hypothesis testing is also useful for model selection in the
GW data analysis [15]. Recently, Vallisneri [16] has in-
troduced a simple method to test modified gravity within
the framework of the Bayesian hypothesis testing. In this
method, one can compute the odds ratio from the fit-
ting factor between the general relativistic and modified
gravity’s waveforms. More recently, Del Pozzo et al. [17]
have compared the prediction from Vallisneri’s approxi-
mate formula against an exact numerical calculation of
the Bayes factor. They found that the approximate for-
mula recovers the numerical result with good accuracy.
In this paper, we explore the detectability of the devi-

ation from GR waveforms with the ppE formalism. We
consider nonspinning binary systems consisting of binary
neutron stars (BNS) with 1.4−1.4M⊙, as well as neutron
star−black hole binaries (NSBH) with 1.4 − 10M⊙ and
binary black holes (BBH) with 10 − 10M⊙. We assume
the noise power spectrum density of advanced LIGO that
is called Zero Det, High Power [18]. We take the lowest
frequency to be flow =20Hz.
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GR waveforms with the ppE formalism. Section ?? is
devoted to summary and conclusions.
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Here we discuss only the inspiral phase of gravitational

waves from CCB systems. By using the stationary phase
approximation, the observed signal in the frequency do-
main is given as 1

h̃(f) = A(f)eiΦ(f) (1 + αppEu
appE) exp[iβppEu

bppE ] ,(1)

where the GR component hGR(f) = A(f)eiΦ(f) corrected
by ppE amplitude and phase functions with parameters
(αppE, appE,βppE, bppE). Here the amplitude A(f) (up
to Newtonian order) and the phase function Φ(f) (up to
3.5PN order) are given as
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bppE -7 -5 -3 -1 1 2
PN order -1 0 1 2 3 3.5

Source:  
BNS 
200Mpc

・Model A1. Parameters (β,b), b={-7,-6,...,-1,1,2}.

SNR is the same value as that of GR. 
SNR=8.7 for BNS, at 200Mpc

FF contour

We derive SNRreq from 
FF with Vallisneri's 
method.

[Vallisneri, PRD 2012]
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bppE -7 -5 -3 -1 1 2
PN order -1 0 1 2 3 3.5

Model A1. phase-modification: α=0, {b, β} hmodel1=hGR exp[iβub]
Detectable Region (SNR>SNRreq)

4N[NL[ KTN YNPRWV WO
[QN XX5 MN]R [RWV OYW
7A
R[Q :17A1

The results 
demonstrate that 
KAGRA has 
potential to detect 
phase-deviations 
from GR. 
This is consistent with 
Vallisneri & Yunes PRD 
2013

Efficiency E=50% 
FAP F=10-4

GW 

undetectable

binary pulsar 
constraints
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Waveform  in FD 

SNR 
8.73 
18.9 
4.36

GR--- 
Model2(α,a)=(10,1)--- 

=(-1.5,0)---

Model 2. amplitude-modification: β=0, {a, α} hmodel2=hGR(1+αua)
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SNR contour FF contour
Model A2. amplitude-modification: β=0, {a, α} hmodel2=hGR(1+αua)

We derive SNRreq from FF with Vallisneri's method.
[Vallisneri, PRD 2012]
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Detectable Region (SNR>SNRreq)
Model A2. amplitude-modification: β=0, {a, α} hmodel2=hGR(1+αua)

4N[NL[ KTN YNPRWV WO
[QN XX5 MN]R [RWV OYW
7A
R[Q :17A1

Binary pulsar observations can do a better constraint 
than GWs observations.

Efficiency E=50% 
FAP F=10-4

GW 

undetectable

binary pulsar 
constraints
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Detectable Region (SNR>SNRreq)

WMNT 1 g & f OWY OR NM K. & .
hmodel4=hGR(1+α1u1.5)exp[iβ-3u-3]

The constraints on the amplitude and phase ppE parameters are 
independent from each other.

4N[NL[ KTN YNPRWV WO
[QN XX5 MN]R [RWV OYW
7A
R[Q :17A1

5OORLRNVL 5.( 	 
61? 6.
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Strategy

? Y N[YRaNM XW [ 5RV [NRVR V 6Y N WYS
1XXYW R [N 2 N R V V T R
4N[NL[ KTN YNPRWV WO XX5 LWYYNL[RWV [W 7A

Summary

EN MN WV [Y [N [Q [ M] 7E MN[NL[WY
RVLT MRVP :17A1 Q ]N [YN NVMW XW[NV[R T
OWY VN KW VM WV MN]R [RWV OYW 7A

CQ VS W OWY W Y [[NV[RWV

Future

EN RTT L TL T [N [QN 2 N R V WMM Y [RW OWY N SNY RPV T
R[Q O TT L TN 3 3 RV 323 ?5 XRXNTRVN

=N LWV [Y RV[ WV R]N PY ]R[WV VM 3QNYV BR WV


