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WEP violation in QM
Example: Dirac Equation

𝑑𝑠2 = 𝑉2 𝑑𝑥0 2 −𝑊2(𝑑𝒙 ∙ 𝑑𝒙)

𝑖ℏ𝛾𝛼𝐷𝛼 −𝑚𝑐 𝜓 = 0

𝐷𝛼 = ℎ𝛼𝑖 𝐷𝑖, 𝐷𝑖 = 𝜕𝑖 +
𝑖
4
𝜎𝛼𝛽𝜔𝑖

𝛼𝛽

Obukhov, PRL, 2001

There is no experiment that can be done, in a small
confined space, which can detect the difference
between a uniform gravitational field and an
equivalent uniform acceleration.
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(ii) Accelerated frame
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− 𝛽𝑚𝒈 ∙ 𝒙 −

ℏ
2𝑐
𝚺 ∙ 𝒈 −

ℏ
𝑚𝑐2
𝛽𝚺 ∙ (𝒈 × 𝒑)

(i) Gravitational field 𝒈 = −𝐺𝑀
𝒓
𝑟3

(Foldy–Wouthuysen transformation)
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(inertial spin-orbit coupling)

(gravitational spin-orbit coupling)
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Gravitational Casimir Effect

𝛻 ∙ 𝑬 = 𝜅𝝆(𝐸)
𝛻 ∙ 𝑩 = 𝜅𝝆 𝑀

𝛻 × 𝑬 = −
𝜕𝑩
𝜕𝑡
− 𝜅𝑱 𝑀

𝛻 × 𝑩 =
𝜕𝑬
𝜕𝑡
+ 𝜅𝑱 𝐸

𝜅 =
8𝜋𝐺
𝑐4

𝐸𝑖𝑗 = 𝐶0𝑖0𝑗
𝐵𝑖𝑗 = ⋆ 𝐶0𝑖0𝑗

𝐽𝜇𝜈𝜌 = −𝑇𝜌 𝜇,𝜈 +
1
3
𝜂𝜌[𝜇𝑇,𝜈]

𝜌𝑖
𝐸 = −𝐽𝑖00

𝜌𝑖
𝑀 = − ⋆ 𝐽𝑖00
𝐽𝑖𝑗
𝐸 = 𝐽𝑖0𝑗
𝐽𝑖𝑗
𝑀 = ⋆ 𝐽𝑖0𝑗

Gravitoelectromagnetism (GEM)
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Gravitational Casimir Effect

(smoothness principle)
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Ordinary material

𝑛 = 1 +
2𝜋𝐺𝜌
𝜔2

𝜒 =
1 − 𝑛 𝜔 2

𝜅𝑐2

𝐺 = 6.67 × 10−11m3kg−1s−2

Peters, PRD, 1974

𝑂 𝜌 = 𝑂[
𝑐2

𝐺
] ≈ 1027kg/m3

𝑂 𝜌 = 104kg m−3

𝑃 𝑎 = −
𝜕𝐸 𝑎
𝜕𝑎

𝑃(10−6) ≈ 10−21nPa
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Re 𝜓∗

ℏ
𝑖
𝛻 − 𝑞𝑨 −𝑚𝒉 𝜓

=
1
𝑚
−𝑞𝑨 −𝑚𝒉 𝜓∗𝜓

𝒋𝐺 = 𝜎𝐺𝑬𝐺

𝑟𝐺 = 1 +
2𝛿2

𝑐𝑑
𝜉
−1

𝑟𝐸 = 1 +
2𝜆𝛿2

𝑐𝑑2
𝜉
−1

Minter, Wegter-McNelly, Chiao, Physica E, 2010

Heisenberg-Coulomb effect
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𝑟𝐺 = 1 +
2𝛿2

𝑐𝑑
𝜉
−1

𝑟𝐸 = 1 +
2𝜆𝛿2

𝑐𝑑2
𝜉
−1𝑑 = 2 nm 𝛿 = 37 nm 𝜆 = 83 nm

Superconductor


